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CHAPTER 


Introduction to 
Logarithm 


Before we can deal with logarithms, we need to revise indices. This is because 
logarithms and indices are closely related, and in order to understand logarithms, a 
good knowledge of indices is required. 

We know that 16 = 24 

Here, the number 4 is the power. Sometimes we call it an exponent. Sometimes 
we call it an index. In the expression 2*, the number 2 is called the base. 


Why Do We Study Logarithms? 


In order to motivate our study of logarithms, consider the following: 

We know that 16 = 2*. We also know that 8 = 2? 

Suppose that we wanted to multiply 16 by 8. One way is to carry out the 
multiplication directly using long-multiplication and obtain 128. But this could be 
long and tedious if the numbers were larger than 8 and 16. Can we do this calculation 
another way using the powers? Note that 16 x 8 can be written as 2+ 2°. This equals 
27. Using the rules of indices which tell us to add the powers 4 and 3 to give the new 
power 7, a multiplication sum has been reduced to an addition sum. Similarly, we can 
divide 16 by 8. 16 + 8 can be written 24+ 23. This equals 2! or simply 2. Using the 
rules of indices which tell us to subtract the powers 4 and 3 to give the new power, 
1. If we had a look-up table containing powers of 2, it would be straightforward to 
look up 2’ and obtain 27 = 128 as the result of finding 16 x 8. Note that by using the 
powers, we have changed a multiplication problem into one involving addition (the 
addition of the powers, 4 and 3). Historically, this observation led John Napier (1550- 
1617) and Henry Briggs (1561-1630) to develop logarithms as a way of replacing 
multiplication with addition, and also division with subtraction. 


What is a Logarithm? 


Consider the expression 16 = 2*. Remember that 2 is the base, and 4 is the power. 
An alternative, yet equivalent, way of writing this expression is log.16 = 4. This is 
stated as ‘log to base 2 of 16 equals 4°. We see that the logarithm is the same as the 
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power or index in the original expression. It is the base in the original expression 
which becomes the base of the logarithm. The two statements 16 = 24 and log.16=4 
are equivalent statements. If we write either of them, we are automatically implying 
the other. 

Thus logarithm is the inverse operation to exponentiation. The logarithm of a 
number to a given base is the exponent to which the base must be raised in order to 
produce that number. 

For example, the logarithm of 1000 to base 10 is 3, because 10 to the power of 3 
is 1000, i.e., 103 = 1000. We write log; 9!000 = 3. Here ‘10’ is called the base of the 
logarithm. 

In general, if x = a” then equivalently 7 = log,x. Note in x = a” the restriction on 
the base is that it is not ‘0’ or ‘1’ as 0” =O and 1”= | and hence are constant and won’t 
have many of the same properties that general exponential relations have. Also, we 
avoid negative numbers as base. For instance, if we allow value of base ‘—4’ then we 
have (-4)" for which (—4)°+ is a complex number. We only want real numbers to arise 
from such power calculations, so we require that base is not a negative number. Also, 
in x =a", n can take any real value, so log,x can also take any real value. Also, x =a" 
> 0, so log,x is defined only if x > 0. 


Note: ¢ Since a° = | and a! = a, where a is any positive real number, we have 
log,] = 0 and log,a= 1. 
© a@'=(a"), so we have log,(a") =n 


Example 1 Find the value of each of the following: 
(i) logy 81 ' (ii) log 54 (iii) log, 1728 


(iv) loguanaon(cot50°) (v) logz250.4 (vi) log, 5, (5+2V6) 
Sol. (i) logg 81=x 


81=9 
=o 
x=2 


(ii) logy 4 =x 


4=(/2)" 


22 = 2x2 
x/2=2 
x=4 


(iii) log, 1728 =x 


1728 = (2V3)" 
(2839) = (23) 
(5) =(x8) 
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x=6 

(iv) log¢anaoe)(cotS0°) = x 
(tan 40°) = (cot50°y" 
(cot 50°) = (cot50°)* 

. x=l 

(v) x= 0.4 =0.4444444... 

10x = 4.4444444,.. 
Subtracting, we get 9x = 4 

x= 4/9 


== 


olr 


Now, logy 95 0.4 = logz.s 

4 x 
5 7 (2.25) 
(2.25)! = (2.25)* 
x=-l 

(vi) log. 5.y5)(5+2V6) =x 
(5+ 2V6) = (V2 +3)" 
(V2 +3)? = (V2 +3)" 


x=2 
Example 2 _ Find the value of x in each of the following cases: 
(i) log, x =3 (ii) logs x = 2.5 (iii) log,81 =4 
(iv) 2*=7 (v) 10%"! =17 
Sol. (i) logy x=3 
x=23=8 
(ii) logy x = 2.5 
x= 925 = (3?)25 = 35 = 243 
(iii) log 81 =4 
81 =x4 
x=3 
(iv) 2°=7 
x= logo7 
(v) 1o%*-!=17 
2x — 1 = logy917 
2x = logig!7 + 1 


1+1 
2 081917 
2 
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Example 3 Find the value of 3783. 
Sol. 37°83 


= 32l0g, 9" 


e 

=3 
Example 4 Find the value of logs logslog;log, 512. 
Sol. logs logs log; log,(2°) 

= logs log, log; 9 

= logs log, log; 37 

= logs log, 2 

= log; | 

=0 


Example 5 Find the value of log,,, 794) 0727 5, 
Sol. logy, 4729. Jor!277%8 
= logy, 4729.932.34 


= logy; 13°-37 
= logy33 


Example 6 Prove that 2 logyg3< : . 


Sol. Let logig3> 2 


2 
=> 3>105 


=> 35> 107, which is true 
Now  logip3< : 
1 
= 3<102 
=> 3? < 10, which is true 


2 1 
Hence 3 < logig3 < 3 


Example 7. Arrange log,5, logg.55, 1og75, log35 in increasing order. 
Sol. logs5 = exponent of 2 for which we get 5 
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log75 = exponent of 7 for which we get 5 
Clearly log,5 > log75 
With similar reasons we have 
log75< log35< log.5< logy 55 
Example 8. Prove that number log, 7 is an irrational number. 
Sol. Let log,7 is a rational number. 
P 
=> logy? =F 97= 24 
=> 74 = 2P which is not possible for any integral values of p and q. 
Hence, log,7 is not rational. 
Example 9. Which of the following numbers are positive/negative? 
(i) log27 (ii) loge23 (iii) logyaQ/5) 
(iv) log,3 (v) log, (log, 9) 
Sol. (i) Letlogs7=x=>7=2%* >x>0 
(ii) Let logg23 =x > 3 =0.2* => x<0 
(iii) Let log, 3(1/5) =x => W/5=(3F > 5=3* = x>0 
(iv) Let logy3 =x > 3=4' >x<0 
(v) Let log, (logy 9) =x = logy 9= 2° 9= 27 >x>0 
Example 10. If log, 3 = 2 and log, 8 = 3, then prove that log, 6 = log; 4. 
Sol. Iflog, 3 =2 


> 3=a@ 
Also, log, 8 = 3 
=> b=2 
> log,b = log 5 2 =x (let) 
= 2=(V5) 
=> 4=3* 
= x= log; 4 
Example 11. If log; y =x and log, 2 = x, find 72* in terms of y and z. 
Sol. log; y=x 
yrs 
logaz =x 
z=2* 


Now 72* = (2332) = 23532" = (2*)3(3*)? = yz? 
Example 12. Solve for x : log, log; logax = 0 
Sol. log, log; logox = 0 
log; logax = | 
logax =3 
x=23=8 
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Example 13. If 6 > 1, sin ¢ > 0, cos ¢ > 0 and log,(sin f) = x then prove that 
log,(cos ) = hs log,(1 — 64). 
Sol. log,sin ¢=x => sin = 5° 
Let log,(cos ) = y 
=> b’=cost 
=> b® = cos*s = 1 — sin?s = 1 — 6% 
=> 2y = log,(1 — 67) 
— y= log,(1 — 67) 


Example 14 If 10°F elle (26,2) 


= pr 


= 1 and log, (log, (log, x) = 0 then prove that p 


Sol. 10'%@el"o84(%8-)) 


log, (log, (log, x)) =0 


=> 
=> log,(log,x) = 1 
=> 


log.x = 4q 
> x=rt (1) 


log, (log, (log, x)) =0 
=> log,(log,x) = 1 


=> log,x=r 

=> x=p (2) 
From (1) and (2), »4 =p” 

=> p=" 


Example 15 If log, x = 5 for permissible values of a and x then identify the 
statement(s) which can be correct? 


(a) Ifa and 6 are two irrational numbers then x can be rational. 
(b) Ifa is rational and b is irrational then x can be rational. 
(c) Ifa is irrational and bd is rational then x can be rational. 
(d) Ifa is rational and 4 is rational then x can be rational. 
Sol. (a, b, c, d) 
log,x=b=>x=a? 


_ pi 
(a) fora= Jr" Qandb= 2 € O;x= (v2) which is rational 


(b) Fora=2 € Qand b=log,3 € Q; x =3 which is rational. 
(c) Fora= al? and b=2;x=2 
(d) It is obviously correct. 
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Exercise 1 


1. Find the value of each of the following: 
(i) logy 0.001 (ii) logs(1/32) (iii) log, 50.1 
(iv) log.5,9/g)(5- 2V6) 
2. Find the value of x in each of the following cases: 
‘ 3 i An 
(i) logy x= 3 (ii) log gx=4 (iii) logo4x = 5 


3. Find the value of the following: 


1\? log, 32 
(i) logis (7) (ii) Jloggs4)? ii) Jog, ¥243 


7 
4. Find the value of togs( tan TE + logesse/@)- 


5. Find the value of log, log, log, 256 + 2log 5 2- 


6. If log g 5=3 : , then find the value of 5. 


7. Find the value of log tan 1° log tan 2° .... log tan 89°. 
8. Prove that log, 18 is an irrational number. 
9. Which one of the following is the smallest? 


(a) log)ox (b) logy x? 


+3 


1 1 
d) 
. cans) © logig Vt 
10. Which of the following numbers are positive/negative? 
(i) log 5 V2 (ii) logyn(2) (iii) log, (1/5) 
(iv) logs(4) (v) log,(2.11) (vi) logs (V7 -2) 
P v24+1 a (2.33 
(vil) ons (viii) sid | 3 


11. If logs.x =a and log, y=a, find 1002" in terms of x and y. 


— — ] 
12. If log, logis (v2 + V8) =~ 5 then the value of x is 


Exercise 2 


1, Find the value of x satisfying J ts es : : 
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i Se Se wee 
23 2B 23 ays. | 


2. Find the value of logy 
4 


3. Find the value of log, (299 -2)(1243 +4+4%/9). 


1 
4. Iflog, 5 =a and log; 6 = 6 then prove that log; 2 = ———_ . 
2ab —1 
5. If log, (log, (log; x)) = log, (log; (log, y)) = 0 then find the value of (x — y). 
6. If log)755x = log3437x, then find the value of log4o(x* — 2x2 + 7). 


B 
7. If log,A = logeB = logo(A + B) then find the value of ae 


8. Find the value of x satisfying the equation 10* + 10~* = 4. 
9. If log, n = 2 and log,25 = 2, then find the value of b. 


10. If Pet = “et = Ste and x°)7z = 1, then find the value of k. 


11. Let S be the set of ordered triples (x, y, z) of real numbers for which logio(x + y) 
=z and logjo(x? + y*) =z + 1. Suppose there are real numbers a and b such that 


for all ordered triples (x, y, z) in S we have X° +? = a- 103+ b- 10%. Then find 
the value of (a + 5). 
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Law 2: 


Proof: 


Law 3: 
Proof: 


* Law 4: 


: Form, n> 0; log, (mn) = log, m+ log, n 
: Let log, m=x and log, n= y. 


Then log, m =x => a‘ = mand log,n=y>a@=n 
mn =a*, a 

=> mn=a°Y 

= flog an)=xty 

= log, (mn) = log, m + log, n 

In general for positive rational numbers, x,, X2, ...%y! 

log,(X) Xz +++ X_) = logg x, + log, x2 + ...+ logy xq 

For m, n> 0; t,( ‘) = log, m—log,n 


Let log, m=x = a = mand log,n=y> a =n. 


=> lea m) log, m—log,n 


For mm, n > 0 log,(n") = n. log, m 
Let log, m=x => a =m. 


=> (a*)" =m" 


=> 
= = log, (m")=nx 
=> 


log, (m") =n. log, m 


l eee 
8 7) = a og, n 
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Proof: Let log n=x 


(aP) 
Then, (a?)* =n 


=> aP=n 


=> px=log,n 
1 

=> x=—log,n 
P 

=> lo aso n 
BaP) “p Ba 


Law 5: log, m= 


log,, a 
Proof: Let log, m=x 


> m=a 


=> loggm= 


log, @ 
Example 1 Evaluate each of the following: 
(i) log)9500 ~ logi95 
(ii) 4logigS + 2logio4 
(iii) log96 + 2 logi95 + logjo4 — logio3 — logig2 
Sol. (i) log 9500 — logio5 
= logj9 (500 + 5) 
= logjy 100 
=2 
(ii) 41ogj95 + 2logjo4 
= logioS* + logio4? 
= logio5* + logio2* 
= logyo(5* x 24) 
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= logyo(10*) 
=4 
Gili) logy9 6 + 2 logyo5 + logig 4 — login 3 — logig 2 
logyg 6 + log)95? + logig 4 — logig 3 — logio 2 


6x5? x4 
3x2 


logio 


logyo(5” x4) 
= logyo 100 


=2 
Example 2__ Find the value of the following. 


9 35 15 
(i) loa a) ta aa | of is) 


16 81 
Tlo is to! S431 — 
(ii) Big Poles BS 


(iii) logie5 . log}920+ (logy92)* 


9\ 
Sol. (i) loa J +toa{ $F }-105 (i) 


(9 35 16 
Bl 42415 


ae Sey. o" 
2x7 23x3 3x5 


log 


logl 
=0 


(ii) Tlog-< + Slog => +3log = 


_ (16 )'( 259/81) 
vel 15) (32) (55) 


if 928 510 a" 3l2 
= log} —~ | -—-= | >= 
3757 | 21535 h 31253 


log 2 


ll 
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10 
iii) logo 2) logio( 10 * 2) + (logio2)? 
© = (1 = logig2) (1 + logip2) + (logio2)? = 1 


Example 3 Prove that log; log; REAL V7) = 1-3 log 2. 
Sol. log, logy wo V7) 


= log; log; 7 


Td 
Spee S 
2 4 8 


"ye es Z 
slop (34s = log7 |g = | — log; 8= | —3 log; 2 


Example 4_ Prove that log ab — log|d| = log |a| 
Sol. log ab is defined if ab > 0 or a and b have same sign. 
Case (i): a,b >0 
> log ab — log|b| = log a + log b- log b=loga (i) 
‘Case (ii) : a,b <0 
=> log ab — log|b| = log(— a) + log (- 6) — log (- 6) = log (-a) (iii) 
From (i) and (ii), we have log ab — log|d| = log {a| 
Example 5_ If log; 2 = m, then find log4y 28 in terms of mm. 


Sol. logys 28 = logy,» (2? x7) 


= = log, (2? x7) 


[ives 2? +log, 7 


5[2te8,2+1] je eee 


| = = (loga + log). 


Example 6 If a? + 6? = 7ab, prove that loe{ 
Sol. a’? +6?=7ab 

(a+ b)? = 9ab 

log(a + b)? = log 9ab 
2log(a + 6) = 2log 3 + log a+ log b 
2(log(a + b) — log 3) = log a + log b 


Yury 


=> loo{ 222) = 3 dopa +00) 


1 ] 
Example7 If#> 1, then prove that 7 + +o.+ = d 


Og ,n login logs3n © Togs3. 7 
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Sol. The given expression is equal to 
log, 2 + log, 3+... + log, 53 


See; 03... SS logat= 


incon logs317 
Example 8 Prove that Be? 1+log, b. 
OB ap” 
Sol. log, n a log,, ab 
log,,”  log,a 
“ log, a+log,, 5 
log, @ 


214 088? it tog sb 


na 


Example 9 Compute log,, (Va / Jb) if log, a= 4. 
Sol. log,,a=4 


1 


=4 
log, ab 
eee: eee 
log, at+log, b 
=, 1+ log pa 
: 4 
> 5p eee 
dioga—diogs 
(Ya Jb) — loe(Va/ vb) _ 39877218 
Now log,, = oa eee 
logab loga+logb 
I 1logb 1 1 iia 22 
_ 3 2loga _ 377 O82 a Lk ee 24-17 
14 Loge 1+ log, b 3 i 6 
loga “4 4 


Example 10 Solve for x: 11""> -37* =5>* -7™* 


Sol. 1 14°°5.3?* =53°*.7-* 
=> (4x — 5)log 11 + 2xlog 3 = (3 — x)log 5 — xlog 7 
log(11> -5?) 


=X log 4-315 


13 
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Example 11 Suppose that a and 6 are positive real numbers such that logo7a + 
7 
logob = > and log,7b + logea = . . Then find the value of ad. 


Sol. log27a + loggb = i and logo7b + logga = 2 


Ww 


l 1 
=> — logja+ — log3b = 
3 B34 2 83 


wily N[r 


1 1 
and — log;3b + — log;a= 
3 83 2 83 


Adding these equations, we get 


= : log;(ab) + 5 log3(ab) = : + 


wl 


5 25 
= =! b) = — 
6 0g3(ab) 6 


=> log3(ab) = 5 
=> ab = 35 = 243 
Example 12 Which of the following is greater; m = (log25)? or n = log,20? 
Sol. m—n= (log25)? — [log25 + 2] 
let log,5 =x 
=> m-n=x?-x-2 = (x—2)(x + 1)= (logy — 2)(log,5 + 1) >0 
Hence, m>n 


Example 13 If log,, 27 =a, then prove that log, 16 = 4 (2 = 2) 
+ 
Sol. + a= logy2 27 = log), (3)? = 3 logy2 3 4. 
Peay Nera 3 2 3 


log, 12 1+logy,4 14+2log,2 


3-a 
a 


log; 2 = 


4 
Then, logs 16 = logs 24 = 4 log, 2 = 
0 


Example 14 Find the value of 61840 . 51981036 
Sol. We have N = 6181049. 5/8036 


logio N = logyo 40- log 6 + logig 36- log 5 


Laws Related to Logarithm 15 


= login 6 [logo 40 + logyy 25] 
= logig 6 [!og}9 1000] 
= logio (6)° 

N=63 =216 


1 I at 
1-log, x 1- log, = 


Example 15 Ify= a and z= a'~'8 , then prove that x = 4 


l 


Sol. log, y= ———— 
1-log, x 
1 —log, x 
1 -log, y= | — ——-_—_ = —_ 24 
me l-log, x  1-log, x 
ee 1 a l- log, x (i) 
l-log, y -—log, x 


1 
But z= q!~!8s 


=> ieee d +1 


I-log, y 7 log, x 


=> =1-log,z 
log, x 
1 
=> log, x = ———_—_ 
1- log, z 
poe SS 
ee qi~!&.= 


Example 16 If a2 b> 1, then find the largest possible value of the expression 
log,(a/b) + log,(b/a). 


Sol. Let x= log, @ + log, (2) = log,a — log,b + log, — log,a = 2 — (logya + 
a 


log.) 
Now x will be maximum if log,a + log,b is minimum. 


But log,a + log,b = (Jlog, a ~ Jfiog,6) +2 


Hence, its minimum value is 2. 
*. Xmax = 2—-—2=0 
log, N _ log, N — log, N 
log.N log, N - log. N 
not equal to 1, then prove that b? = ac. 


Example 17 if , where N> O and N# 1, a, b,c > O and 
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log, N _ log, N — log, N 


log. N log, N — log. N 
1 ] 


Sol. 


logy c logy @ ~ Tog yb 
=> Hea 

logy a Lee a | 

logyd logye 

* logy ¢ ™ logy ce % log, b-logya 

logya logya  logyc—logyb 
am logy b-logya _, 

logy c—logy 5 
=> logy b—logy a =logy c—logy b 
=> bla =clb 
=> be =ac 


log, 24 _ log, 192 


Example 18 Find the value of F 
8952 login. 2 


Sol. Let log, 12 =a. Then 


= log, 96 = log, 23x 12 =3 +a; 
loB9¢2 Og2 OZ2 x a 


log, 24=1+a 
J 


log, 192 = log, (16 x 12) =4+aand 
logy, 2 


= log, 12 =a. 


Therefore, the given expression = (1 + a) (3 +.a)-(4+a)a=3 
Example 19 If 2” = 6” and 3*-! = 2)", then find the value of ( log 3 — log 2) / 
(«-y). 
Sol. Taking log of both sides of 2**” = 6”, we have 
(x + y) log 2 = y (log 2 + log 3) 
or x log 2=y log 3 
x y x-y 
or —_—- = = a } 
log3 log2 log3—log2 ) (1) 
Also, (x — 1) log3 = (y + 1) log 2 (From 2" eq). 
or x log 3 ~ y log2 = log 3 + log 2 
=> A [(log3)* — (log2)?] = log 3 + log 2 (Using(1)] 
1 1 3 
A=——— or = = log 3 -log2 =log — 
log3—log2 A . ss . 2 
Example 20 If log, x + Jog, y 2 6, then find the least value of x + y. 
Sol. Given log, x + log, y26 
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> log (xy) 2 6 
=> xy 2 64 
Also for log, x and log, y to be defined 
x>0O,y>0 
Since A.M. 2 G.M. 
xt+y 
2 


=> x+ty22 fxy2>2V64 =16 


2 yxy 


Example 21 If f(x) = tog( 1+) , then prove that f(x,) + fla) =/ ei de 3 
(l—x) 1+2x4,x 


Sol. Axi) + Ax) =log | ts, ee 
I-x, 1-x, 


14x, XxX, +x, +x 
= log V22 EAE AD 
1+ x,x9 — x) +X 


1p 2Lt%2 
1 +x,x. X +x 
246 1%: || 1 +%2 
S I Xy$X2 i 14+2x4,x, 
‘ 1 +X , 
Example 22 If log.10 = p; Be! = q and (11)’= 10 then prove that log;9154 = 
to) 
patqr+rp 2 
pqr 
Sol. logy9154 = logy92 + logig7 + logyg!1 
Now log,10 =p 
! 
= = 
logy 2 
l 
= logyo2 = — (1) 
P 
Also, - 0840 cy 
log.7 
] 
= = 
logig7 
1 
=> logio7 = — (2) 
And I17= 10 


=> rlogigli=1 
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=>  logoll=l (3) 
5 
1 1 +gr+r 
Fre Freee re ae 
Par par 


Example 23 Prove that log,V- log,V + log,V- log. + log. N- log, = 
log, N-log, N-log. N 
108 abe N 
Sol. log,N. log, + log,N. log.N + log, N. log. Nv 
1 } 1 
i 

logy alogyb logyblogye logyclogya 
_ logyatlogy b+ logye 

(logy a)(logy 5)(logy ¢) 

logy abc ° 


l 1 1 
log, N log, N log. N 


_ log, N.log, N.log, N 
log. N 


Law of Change of Base 


Law 6: Form,a,b>Oanda#1,5#1, log, m=—ee™ 
Proof: Let log, m= x. Then, a°=m. Pau 
> log, (a*) = log, m [Taking log to the base 5] 
=> x log, a= log, m 
=> log, m. log, a = log, m [-" log, m= 1] 
=> log, m= log, m 
log, a 
Replacing b by m in the above result, we get 
loevann eet 
log,, @ 
1 
=> log, m= [" log,, 7 = 1} 
log, 2 


Example 24 Find the value of log; 4 log, 5 logs 6 log, 7 log, 8 logs 9 
Sol. log; 4 log, 5 logs 6 log, 7 log, 8 logs 9 
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_ log4 = log5 log6 és log7 - log8 “ log9 
log3 log4 logS log6 log7 log8 


Example 25 If 7? = xz and a* = bY = c’, then prove that log, a = log, b. 
Sok. a= bP =c 


=> xloga=y log b=z loge 
Now, seed 
x Yy 
a loga _ logd 
logb loge 
=> log, a= log. b 


Example 26 If log,a - log.a + log,b - log.b + log,c - log, c = 3, then prove that abe 
=1, 


Sol. log,a- log.a + log,b- log.b + log,c- log, ¢ = 3 


loga loga = logb logb | loge loge a 
logb loge loga loge loga logb 


=> (log a)? + (log 5)? + (log c)® = (log a)(log 5)(log c) 

=> logatlogb+logce=0 (as a, b, c are different) 
=> log abc = 0 

=> abc =} 


Example 27 If log, 3 = 2 and log, 8 = 3, then find the value of log, b. 
Sol. log, 8 = 3 = 3 log, 2=3 = log,2=1 
Now, log, b= log, b - log, 2 = log, & - log; 2 - log, 3 
=1-log;2-2=2 log; 2 = log; 4 
Example 28 If x =log., a, y= 1og3, 2a and z= log,, 3a, then prove that | + xyz = 
2yz. 
Sol. 1 +xyz=1 + (log2, a)(log3, 2a)(log,, 3a) 
loga log2a log3a 
log 2a log3a log 4a 


=1+¢+ 


loga 
log4a 
= logya4a + logy,a 
= logy,4a” 
= 2jog.,2a 
= 2(log3q 2a)(logs, 3a) = 2yz 


=|+ 
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Example 29 Ifa" = 5” = c¥ =a", show that log, (bed) = x [4+ 1.4) 
, w 
Sol. log, (ocd) = log, b + log, c + log, d ie 


Now, a‘ = 6° => x log a=y log b => iogt 2 => log, b=~ 
y 


loga y 


Similarly, log, ¢ = ~ and log, d= a 
z w 


A a) 
= obs (bed) = logs 6+ logy c+ loggd=x (4441 
y Zz w) 
Example 30 If a =log)> 18, b = logs, 54 then find the value of ab + 5(a — b). 
Sol. We have a = log). 18 = tog, 18 = 1 +2log,3 
log,l2  2+log,3 
log, 54 _ 1+3log,3 


and b = logos, 54 = = 
Bue Tog; 24 Slog; 3 
Putting x = log, 3, we have 


ab + 5(a—b) = 1+2x 1+3x |. tae 13) 
2+x 3+x 2+x 34x 


_ 6x? +5x +1 +5(—x? +1) 
(x+2) (x+3) 
_ x7 45x46 2, 
 (e+2)(843) 
Law 7: Fora,n>OQanda¢1; a®&"=n, 
Proof: Let log, n =x. 
Then a* =n, 
=> g'8o" =p [Putting the value of x in a* =n] 
e.g, 3838 _ 9g , 23leB25 = ploe. 5? = 5°, 57 2logs3 _ 5logs37 = 372 =3 
Law 8: q'8e = cloBs4 


Proof: Let a'°%° =p 


> log,c = log,p 
oa loge = log p 
logb loga 
% loga - log p 
logb loge 


=> log,a = log.p 
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=> p= 8s a 
=> iB ¢ = lke a 
Eample 31 Find the value of 81/9859) + 27!0893¢ 4 34/log79. 


Sol. 9 10/l0Bs 3) 4 97108536 4 34/log79 


= aye +(33 82) 4 3410857 

= 385° 3? yloes6) 4 ee? 

= 5445 gless6° 43210837 

= 5446343087 

= 625+ 216 +72 = 890 
Example 32 If (4)'°89? + (9)!°8:4 = (10)!8 ®? | then find the value of x. 
Sol. (4)!2893 -¢ (9y'8: 4 S (10)! 83 


1 
= (ay2' 3 r (9)?!82 2a (10)'°8: 83 
=> 2+81= (10)! 83 
= 83=(10)'8: 83 
= x=10 
: (i-log; 2) —logs4 
_ Example 33 Find the value of 49 +5 3 
Sol. 49{1 1087) 4 5~loes4 


=49x 7 Zilog, 2 +57 10854 


=49~x Aes —30 _25 


44 4 2 
Example 34 Find the value of 3!815 — 5!83, 


Sol. Let 3!ees5=a¢ 


=> log,5 = log3a 


logs _ loga 
a log4 log3 
toga _ logs 
log5 log4 
=> logsa = log,3 
=> a= 5184 3 
= gies, 5 ms 58. 3 =0 
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Example 35 If 2x'°83 + 3!°8+* = 27, then find the value of x. 
Sol. 2 x'°8? 4 318 = 27 
=> 2,38 + 3B = 27 


=> zon =9 = 32 
=> log, x =2 
=4?= 16 
Example 36 Find the value of (2'°8+!8) (30863) 
Sol. (208818) (3!863) 


ee (2!°8 S+l0B63) (3!863) 
Js 2(2'0863) (310863) 


=2. 6'0863 
=2x3=6 
Example 37 If 3(!8:7)" — 7(1e73)" , then find the value of x. 


Sol. Consider a¥'%? = Bv!84 


Vlog, b = vlog, a-log,b (taking log with base ‘a’) 


=> 1= Jlog, a-,/log, 5 which is true 


Thus, from 3(less 77" qlee 3)" we have 
| 
eras 
2 Ais afte 
B18 4 39863 


409 


wae -(l 25)!96256 


, 


Example 38 Find the value of 


1 3 


Ton. 3 log 53 pa’ ae ‘| 
Sol. ae ae —(125)!8256 
409 


‘ ’ 


glo, 5? , zlo8s(ve)? 


a (7°87 25 50836" y 
7 2Eoe 25+6V6 95 6/6] 
— 625-216 _ 409 _ 


409 409 
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Exercise 1 


1. 


. Find the smallest integer greater than 


Evaluate each of the following: 
(i) logi95 + logig2 
(¢t)) . log 936 + logi95 — 1024930 


(iii) logi95 + 2 logy90.5 + 3 logyo2 
14 


11 22 
. Prove that log — + log — — log — = log 7. 
Pag ag te ge 


» Prove that log 7 + log == — log = 3log2—2log3. 


135 


. Find the values of the following: 


64 
(i) — logs tog; V9 i) Z we g ($5) 


. Find the values of 37!°893, 


+ l P 
log,x log,z 


7. If logy) x = y, then find logjo99 x7 in terms of y. 


15. 


16. 


17. 
18. 


. What is logarithm of 32%/4 tothe base 2/2 ? 
. If log, (ab) =x then evaluate log, (ab) in terms of x. 


. Which is greater, x = log; 5 or y = logy; 25? 
. Ify 


ae Le . 
= gles, 4° then find x in terms of y. 


2 


. if ig, 2") = 5 (log, a+log, 6), then find the relation between a and b. 


value of K. 


- If log, x - logs k= log, 5, k #1, & > 0, then find the value of x. 


23 


. Ifa, 5, c are consecutive positive integers and log (1 + ac) = 2K then find the 


Let 3¢= 4, 4°=5, 5°=6, 64=7, 7°=8 and 8/= 9. Then the value of the product 


(abcde). 


1+ 2log,2 


2 
Find the value of z + (logs 2)", 
(1 + tog; 2) 


Find the value of log, 5 - log,; 27. 


Find the greatest integer less than or equal to the number log, 15 x logi62 x 


log; 1/6. 
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‘ log 15 
19. Find the value of 2° >. 


20. Find the value of 45!0B.y5 O-V6)-6lops(V3—-V2)_ 


¢ 1 \l+log, 2 
21. Find the value of fe 44 57 Bus0(7 
49 
Exercise 2 
1 1 
1. Prove that log, #= ee ee 


10. 


11. 


12. 


13. 


14, 


. Find the value of 


. Find the value of 


log, x + log, x , 


. If ‘x’ and ‘y’ are real numbers such that 2 log (2y — 3x) = log x + log y, then find 


x 


oe 


. Ifa*- 5° =1 then find the value of log,(a°b*). 


. If log,b = 2; logyc = 2 and log3c = 3 + log3a then find the value of ae 
: a. 


. Ifa‘ =, b°=c, c =a, then find the value xyz. 


1 1 


implify ———— + -——- t ————_— 
. Simplify 1+ log, be 1+ log, ca 1+ log. ab* 


1 1 


log,, abe = log., abe y log, abc (a, 6, ¢ > 0). 


. Suppose that x, y, z> 0 and different from | and log x + log y + log z=0. Find 


u 1 1 1 1 1 


es 


—+ 
the value of x!°8” '08=-ylog= logx.zlogx logy (base 10), 


logs 250 __ logs 10 
logso 5 logya59 5 : 
1+2ac 


Given that log,3 =a, log35 = b, log;2 =c, then prove that log) 4963 = ——————-.. 
2¢+1+abe 
XN 


| 

Find the value of aj) 5'°8> 4 ————_— ! . 

\ (— logy 0-1) ) 
Hf there exist positive integers A, B and C with no common factors greater than 
1, such that A logsg95 + B logeg92 = C, then find the sum 4+ B+C. 
Find the value of x satisfying the equations log; (log, x) + logy, (logy/2 y) =1 
and x37 = 9, 
Let a and b be real numbers greater than | for which there exists a positive real 
number c, different from 1, such that 2(log,c + log,c) = 9log,4c. Then find the 
largest possible value of log, d. 


CAPER ~—sC Exponential and 
3 ~~ Logarithmic 
| Functions 


EXPONENTIAL FUNCTION 


Ifa is any number such that a> 0 and a# 1 then an exponential function is a function 
in the form f(x) = a‘, where a is called the base and x can be any real number. e.g., 
Ix) = 2", g(x) = (4/7) are exponential functions. 

There is a big difference between an exponential function and a polynomial. 
The function g(x) = x3 is a polynomial. Here, the variable, x, is being raised to some 
constant power. The function f(x)=3* is an exponential function; the variable is the 
exponent. 

Here, the restriction on the base a is that it is not 0 or 1 as (x) = 0* = 0 and f(x) 
= ]* = | and hence, these are constant functions and won’t have many of the same 
properties that general exponential functions have. Also, we avoid negative numbers 
as base so that we don’t get any complex values out of the function evaluation. For 
instance, if we allowed a = —4 the function would be, fx) = (-4)*, then we have 
(0.5) = (—4) which is a complex number. We only want real numbers to arise from 
function evaluation and so to make sure of this we require that a is not a negative 
number. 


Graph of Exponential Function and its Properties 


Consider exponential function y = f(x) = 2°. Here {0) = 1, and on increasing the value 
of x from x = 0 onwards value of y increases, i.e., 1) = 2, (2) = 4, (110) = 1024... 
When x approaches to infinity, 2* approaches to infinity. Thus f(x) is an increasing 
function, Now, consider some negative values of x, i.e., {-1) = 0.5, A-2) = 0.25, 
A-3) = 0.125 .... Thus, graph of the function gets closer to x-axis, but never touches 
or crosses it, as 2*> 0, Vx e R. When x approaches to negative infinity, 2° approaches 
‘to 0. This means that there is a horizontal asymptote at the x-axis or y= 0. 
From the above discussion, the graph of y = f(x) = 2" can be plotted as shown 
here. 
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Us 


From the graph, we can see that f(x) = 2* is an increasing function in its 
domain R. Also, the graph always remains above x-axis, i.e., 2” > 0. Thus, range 
of the function is (0, °°). Similarly, we can draw the graph of y = f(x) = 3* passing 
through the point (0, 1) and having the same nature as the graph of f(x) = 2%. 
In fact, this pattern of the graph is common for f(x) = a‘ for any base which is greater 
than | (a> 1). Also, all graphs pass through the point (0, 1) as a° = | for any value of 
a. For a> 1, when x2 > x, we have a® >a 

Now, consider the function y = f(x) = (0.5)*. Here, (0) = 1, and on increasing the 
value of x from x = 0 onwards value of y decreases as {1) = 0.5, (2) = 0.25, .... When 
x approaches to infinity, 2* approaches to zero but never becomes exactly zero. Thus, 

Ax) is decreasing function. Also, f(-1) = 2, {-2) = 4, {-3) = 8 and so on. Thus, value 
of 2* increases as the value of x becomes more and more negative. The graph of the 
function can be plotted as shown ire. 


From the graph, we can see that y = f(x) = (0.5) is an decreasing function in its 
domain. In fact, this pattern of the graph is common for fx) = a* for any base which 
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is less than 1(0 <a < 1). Also, all graphs pass through the point (0, 1) as a° = 1 for 
any value of a. For a> 1, when x2 >x;, we have a“ >a™ 


Graph of Exponential Function for Different Bases 


y=(0.4) y= (0.2 yast 


iC. 


{o's 06 ola = 


+-------- 


y= (0.4 
~~ y= (0.27 
2 0,4 0,6 0,8 10 1,2 


o-} - fe ----4-----4-----: 


1 Od 


LOGARITHMIC FUNCTION 


The logarithm of a number to a given base is the exponent to which the base must 
be raised in order to produce that number. For example, the logarithm of 1000 to base 
10 is 3, because 10 to the power of 3 is 1000, i.e., 10? = 1000. We write log, 9!000 
= 3. Here ‘10’ is called the base of the logarithm. Similarly log,64 is the value to 
which ‘2’ must be raised to get 64. Since 2° = 64, log,64 = 6. Thus, if a" = y, then we 
have log,y = x. In exponential function y = a‘, x can take any real value, so log,y can 
also take any real value. Also, y = a*> 0, so log,y is defined only if y > 0. Thus, we 
can define logarithmic function as f(x) = log.x, a > 0, a # 1, having domain (0, ©) 
and range R. Thus, logarithmic function is actually inverse of exponential function. 
So, domain and range of exponential function are range and domain of logarithmic 
function, respectively. 


Graphs of the Logarithmic Function 


If we consider any point (p, q) on the graph of y = a*, we have q = a”. So, we have p 
= log.q, or there is a point (q, p) on the graph of y = log,x. Thus, for any point (p, 4) 
on the graph of y = a*, we have a point (qg, p) on the graph of y = log,r. Since point 
(q, p) is the mirror image of the point (p, q) in the line y = x, we can draw the graph 
of y = log,x by taking the mirror image of the graph of y = a* in line y = x. Thus, 
graphs of y = a* and y = log,x are symmetrical about the line y = x as shown in the 
following figure. 
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Case 1: When a> 1 


Fig. 3.4 


From the graph, we can see that y = log,x is an increasing function in its domain. 
The value of log,x approaches to infinity as x approaches to infinity. The value of 


log.x approaches to negative infinity as x approaches to 0. Also, for x2 > x), we have 
log.x2 > logax1. 


Case II: When 0 <a<1 


Fig. 3.5 


From the graph, we can see that y = log,x is decreasing function in its domain. 
The value of log,x approaches to negative infinity as x approaches to infinity. The 
value of log,x approaches to positive infinity as x approaches to 0. Also, for x2> x, 
we have log, x2 < log,%. 
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Graphs of the Logarithmic Function for Different Bases 


Fig. 3.6 


Since a® = 1, we have log,| = 0. Thus, graph of y = log, x for any value of base 
‘a’ passes through the point (1, 0) on x-axis. 
Also, since a! = a, we have log, a = 1, for any base ‘a’. 


Note: « Common logarithm is the logarithm with base 10. It is also known as 
the decadic logarithm, named after its base. It is indicated by log! 0(x). 
* Natural logarithm is the logarithm to the base e, where e is an 
irrational constant approximately equal to 2.718281828. Here, e is 
defined exactly as e = (1 + t/m1)™as nr increases to infinity. The natural 
logarithm is generally written as In(x) or log,(x). 


Example 1 Find the number of solutions of equation (2x — 3)2* = I. 
Sol. We have (2x — 3)2*= 1 
or 2x —3 =2* 
To find the number of roots of the above equation, we need to find the 
number of points of intersection of y = 2x —-3 and y=2™. 
The graphs of these functions are as shown in the following figure. 
From the figure, graphs intersect at only one point. 
Hence, there is only one solution of the given equation. 
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Fig. 3.7 


Example 2 Find the number of solutions of 2" + 3° + 47 —5*=0. 
Sol. 2*+ 3*+4*-5*=0 
> 2° + 3% + 4% = 5* 


> B-~ 


Now number of solutions of the equation is equal to the number of times — 


i (2) +(2) +( i and y = | intersect 
oS) tay hs » 


Fig. 3.8 


From the graph, equation has only one solution. 
Example 3 Find number of solutions of |x/3"!= 1. 
Sol. We have |x/3*!= | 

or bx] = 3-h 
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3%,x20 

3*,x<0 

To find the number of roots of the above equation we need to find the 
number of points of intersection of y = |x| and y = 3-4. 

The graphs of these functions are as shown in the following figure. 


Now 3%= 


Fig. 3.9 


From the graph number of solutions is 2. 
Example 4 Find the number of solution to equation log, (x + 5) = 6—~x: 
Sol. Here, x+5=26>, 


yH=26-*  y=xts 


jena aewsth 


Fig. 3.10 


Now graph of y=x + 5 and y = 2°-* intersect only once. 
Hence, there is only one solution. 
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Example 5 Find the number of solutions of the following equations: 


i. x? logos x=! ii, x? - 4x +3 —logox =0 
Sol. 
(i) We have, x"? logos x = 1 
=> logos x= vx 


To find the number of solutions, we have to draw the graphs of y = vx and y 
= logg.s x and find the number of points of their intersection. 
Graphs of functions are as shown in the following figure. 


Fig. 3.11 


From the figure, we see that graphs intersect at only one point. 
Hence, there is only one solution. 
(ii) We have x7 - 4x + 3-log,x=0 
or x? — 4x +3 = logox 
Let us draw the graphs of y = x? — fix +3 and y = logox. 


Fig. 3.12 
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From the figure, we see that graphs intersect at two points. 
Hence, there are two solutions. 


Example 6 Find number of roots of the equation x7- logo 5.x = 0. 
Sol. We have x? - logosx =0 
or x= logasx 


To find the number of roots of the equation, we have to draw the graphs 
of y=x° and y = logg 5x. 


Fig. 3.13 


From the figure, graphs intersect at only one point. 
Hence, the equation has only one root. 
Example 7 Which of the following pairs of expressions are defined for the same 
set of values of x? 
(i) fi(e) = Zlogyy x and fy(x) = logy x? 


(ii) f(x)= log, x? and f(x) =2 
(iii) f((x) = logig(x—2)+ logyg(x—3) and fy (x) = logyg(x — 2)(x- 3) 
Sol. (i) f\(x) = 2log;ox is defined for x > 0 

Ji(x) = logyox? is defined for x2 > 0 or xe R-{0} 

Therefore /,(x) and /5(x) are not defined for same set of values of x. 
(ii) fix) = log.? is defined for x > 0, x # 1 

fil) =2,x>0,x#1 

But f(x) = 2 is defined for all real x. 

Therefore /\(x) and /3(x) are not defined for same set of values of x. 
(iit) A(x) = logy o(x — 2) + logio(x — 3) is defined 

ifx-2>Oandx-—3>0 
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x>3 
Silx) = logo(x — 2)(x — 3) is defined 
if (x-2)(x-3)>0 
x<2orx>3 
Therefore f(x) and /3(x) are not defined for same set of values of x. 


CHAPTER 


Logarithmic 
4 Equations 


Equation involving logarithmic functions as terms is called logarithmic equation. 
While solving logarithmic equations, we tend to simplify the equation using laws 
of logarithm. Solving equation after simplification may give some roots which are 
not defining some of the terms in the initial equation. Thus while solving equations 
involving logarithmic functions, we must take care of domain of the original equation. 


Example 1 Solve: log (4 — x) = 0.5 
Sol. logo(4 -— x) = 0.5 


=> 4-x=995 
=> 4-x=3 
=> x=1 
Example 2 Solve: logy x — 1 =—logyo(x — 9) 


Sol. logigx — 1 =—logio(x - 9) 


> log ox + logio(x — 9) = 1 
=> lox;9x(x — 9) = 1 

=> x(x-9)= 10 

= x?-9x-10=0 

> (x-10)«+1)=0 

=> x=10,-1 


But for x =—1, log;gx in origina! equation is not defined. 
Hence, x = 10 is the only solution. 

Example 3 Solve: loggx + loge(x + 6) = logg(5x + 12) 

Sol. loggx + logg(x + 6) = logg(Sx + 12) 


logex(x + 6) = logg(Sx + 12) 
x? + 6x = 5x + 12 
x+x-12=0 


(x —3)\x+4)=0 
x=3,-4 


Yyududarsy 
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But for x = 4, loggx term in original equation is not defined. 
Hence, x =3 is the only solution. 

Example 4 Solve: log,8 + log4(x +3) — logy(x -1) =2 

Sol. log,8 + logy(x +3) — logy(x -1) =2 


e- sing 2 
8(x+3) _ 94 
xl 

> x+3=2x-2 

> x=5 


Also for x = 5 all terms of the equation are defined. 
Example 5 _ Solve: log (—x) = 2 log (x + 1) 
Sol. By definition, x<Oandx+1>0>5-1<x<0 

Now. log (=x) = 2 log (x + 1) 


=> -x=(x+1)? 
> r+3x+1=0 
_-34+V5 -3-J5 
2° 2 


Hence, x = is the only solution. 


-3+ V5 
2 


Example 6 Solve: log.2,,.,5 (l08, 249.43 (x? —2x))=0 
Sol. 108 2,648 (log, 2,9 e430 —2x))=0 


on ee = 2x) =1 


x — 2x = 2x7 4+ 2x43 


> 24+4x+3=0 

=> t+1)@+3)=0 

8 x=-1,-3. 

But for x =—3, x2 + 6x+8<0 
x=-!l 


Example 7 Solve: log, (2V17 = 2x) =1- logy. (x—I) 
Sol. log; (2V17=2x)=1+log,(x-1) 


Geae 
|e 
x-l 


=> log 


x-l 


NUE ag 


2V17—2x =2(x- 1) 
e~2n+1=17-2e 
r= 16 

x =4 or -4 (rejected) 


Example 8 Solve: 2**227°/G-) =9 


VuUgy 


Logarithmic Equations 


Sol. Taking log of both sides, we have (x+2) log2+—— log27 = log9 
x- 


=>. (x4 2)log2+—— 3log 3 = 2iog3 
x- 


\ 


3x 
=> (x+2)log2 + (25-2 }oe 3=0 


=>  (x+2) [toga 83) =0 


Example 9 Solve: logs(5! + 125) = logs6 + 1 + a 
x 


Sol. logs(5'* + 125) = logs6 + 1 + A 
2x 


=> logs(5!* + 125) —log;6 = 1+ x, 
x 


=> 1 5* +125 if oh. 
} 6 2x 
A 4 
+ 1 
ie S*¥ +125 _ J+ 
6 
4 I 
~ 5* +125 5x52" 
6 
=> 2a ———- = Sy (where y= 


rl- 
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= y? — 30y + 125=0 
=> y =Sor25 

1 
=> 52" =5or25 


=> x= 1/2 or 1/4 


Example 10 Solve: log»(4 x 3* -6) — log2(9* -6) = | 
Sol. log2(4 x 3° -6) — log,(9* —6) = 1 

es ing ME 

9*-6 
ey 4x3* -6 
9* -6 

4y-6= 2-12 (putting 3* = y) 
y—2y-3=0 
y=-1,3 
3 =3 
x=] 


i) 
< 


VURUY 


Example 11 Solve: 6(log,2 — log,x) + 7=0 
Sol. 6(log,2 —logyx) +7 =0 


=> 6{ tog, 2- tog, x)+7=0 


Y 


y 
6-3 + 7y=0 
37 —Ty-6=0 
3y? + 2y~9y-6=0 
( - 3)(3y + 2) =0 
yr3ory=-2/3 


2 
{2 y }+7=0 


logax = 3 or — 2/3 


VUUUUVIUY 


x=8orx=2-% 


Example 12 Solve: (log3x)(logs9) — log,25 + log32 = log354 
Sol. (log3x)(logs9) — log,25 + log;2 = log354 
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log 1089 _ sing 5+log;2=3+ log, 2 

oes logS 

2 logsx — 2 log,5 + log32 =3 + log32 
2P-2=31 (putting logsx = 1) 
2°? -31-2=0 


(2¢+ 1)¢-—2)=0 
t=-1/2or t=2 
logsx = — 1/2 or logsx =2 
x= / V5 x= 25 
Example 13 Solve: 4!°8 98 = log x — (log x)? + | 
Sol. log, log x is meaningful ifx > 1 
Since Alogzlog x =2 2log,logx — (2'e8: logry2 
= (log x)? (a’°8.* = x,a>0,a# 1) 
So the given equation reduces to 


VUUUUVIUY 


2(log x)? — log x -—1=0 
=> log x = 1, or log x =— 1/2. 
But for x > 1, log x>0, so logx= lie. x=e. 


Example 14 Solve: ,/log; x ~ 0.5 = log, vx 
Sol. flog, x-0.5 = log, Vx 

=> flog, x — 0.5 = 0.5log, x 

=> y—0.5 = 0.57" 

> y-2yt+1=0 = y=l => logx=l => x=2 
Example 15 Solve: 4 log. (vx)+2 logy, (x?) = 3log>, (x*) 


Sol. Alog, Vx , 2log,(x”) _ 3log,(x3) 


—_ 


log, (x/2) log,(4x) log, (2x) 


1 
4-—log,(x) , Aloge(x) _ Slog, (x) 
log, x-1 2+log,(x) 1+ log,(x) 


Let logox =t 


2t 4 
Given equation reduces to -——+ ee 
-l (+2 +l 


2 
=> t=Oor — + 
t-l ¢4+2 ti 
2r+4+41—-4 — 9 
(t-Da@+2) t+l 
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=> P+1-6=0 
=> (t+ 3)\(¢-2)=0 

= 1=0,1=2 ort=-3 
=> x=1,x=4,x= 1/8 


Example 16 = Solve: log, - x +log;, Vx =0 


log x " (1/2) log x 
log3+(I/2)logx  log3+logx 
log; x 1 log3x 
1+(I/2)log,x 2 (1+ log, x) 
Let log3x =» 
—Y_ +_/ =9 
1+(y/2) (1+) 


fries} 
2+y 21+y) 

W4 + 4y+2+y)=0 
y=Oory=-6/5 
log3x = 0 or logyx = — 6/5 
x= 1 orx=3-65 


Example 17 Solve: 4!8s* — 6-x!8:? 4.2!827 = 9, 


UU Y 


Sol. Let 2'°89* =y 

we get y* — 6y + 8=0 

=> y=4or2 

if 2'°89* = 2? — logyx =2 

=> x=81 

If 2'°89* = 2! = logox=1 = x=9 
Example 18 Solve: (x83)? —(3!80*) -2=0 
Sol. Let (x83) = (3!80*) = 

Thus, given equation becomes 

P-1-2=0 


=> ((-2)@+1) =0 

= t= 2; (as (= — | is not possible) 
= (3'°80*) = 2 

=> log)9x = log32 

> x= 1018? 
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Example 19 Solve: 3 = 3V3 
Sol. We have 
(logy x}? — 2 logaxt+5= 2 
&9 3 89 2 
Put logo x =y 
9 3 
—- it ypt+5a = 
=> y 2 Vrs 2 
=> 2y? - 9y + 10=3 
=> 2° -9y +7=0 
=> (y-7)(-l=0 
7 
= =s—,1 
2 
i 7 
Either logox = | or logs x = 3 
> Either x = 9 or x = 97/2 = 37 
Example 20 Solve for x: (2x)!8*? = (3x)!83 
Sol, (2x)!°8? = (3x)!083 
=> log,2{log 2 + log x] = log,3[log 3 + log x] 
> (log,2)(log 2) — log,3 « log 3 = (log,3 — log,2) log x 
log3_log2 | 
=> ieee clog? ee 4 3= (EE - 182 Niog 
logb logb log logb ) 
2 3 2 
a (log) —(log3)” _ ( $og3-log2 pe log x 
logb \ log 
> log x =— (log 3 + log 2) = log (6)"! 
=> xel 
6 
Example 21 If the equation 2* + 4”= 2” + 4* is solved for y in terms of x where x 


Sol. 


<0, then find the sum of the solutions. 
27 27+ 2°(1-2=0 
Putting 2” = f, we get 
P-1+2°1-2°)=0 


=> 
=> 


nh =2*(1-2") where 4 =2°' and t, = 2°? 
Qty = 21 ny. 2°) 
J ty =x + loga(1 — 2*) 
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Example 22 — Solve: logig =x [logio 5-1] 


2 +x-1 


Sol. R.H.S =x [Jogyq 5 —log,) 10) = xloBi0= = logyo = 
ol gt 
2*+x-1 2% 


x-1=0orx=1 
Example 23 Solve: a7!°82* = 5 +4x'°827, where a> 1. 


Sol. Given equation can be written as (a!22*)* = 5 + 4 q'?82* 


Let q'8* =; 
Thus, given equation reduces to * — 4t-— 5 = 0. 
=> (¢-5) (t+ 1) =0 


=> t=5Sort=-l (rejected) 
qiB2* =5 

=> i824 =5 

=> x= 56.2 


Example 24 Solve: log,,,(x—0.5) = log, _95(x+1) 


log,(x-0.5) _  log,(x+1) 
log, (x+1) log, (x—-0.5) 
=> [log(x + 1)? = [loga(x — 0.5)?] 
=> logo(x + 1) = loga(x — 0.5)or — loga(x — 0.5) 
If logo(x + 1) = logo(x-0.5) => x+1=x-0.5 = nosolution 
If loga(x + 1) = log(x — 0.5)"! 


Sol. 


a: oie owe 
x-(1/2)  2x-1 

=> (x+ 1) Qx-1)=2 

=> 2x7 +x-3=0 

=> 2x? + 3x—2x-3=0 

=> (x — 1)(2x + 3) =0 

=> x=1(¢.x =-~3/2 rejected) 


Example 25 Solve the system of equations: 
(log.x)(loga(xyz)) = 48 
(log.y)(loga(xyz)) = 12 
(log.2)(loga(xyz)) = 84 
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Sol. On adding given equations, we get 
=> log, (xyz) [log, x+ log, y+ log, z] = 144 
=> log,(xyz) = (144)!2 = 12 
=> xyz = a'2 
From log, x log,(xyz) = 48 
=> (log,x)(12) = 48 
=> log,x = 4 


=> x=a‘ 


Similarly, y = a and z=’. 


Example 26 Solve: (vm) °** . (Vr) . (vz) me (ve) "** Teakae co = 3 
Sol. We have, (Vz) ea? (Vz) "2" .( Jc) Reet (Vz) a ete 


= (Jalen eee = 3 
se (veyre" =3 


= 7p 'Be* =3 
= x=3 
Example 27 Solve: 2!82(2*) = 518"). I¢q> | 


Sol. We have 2'°8(2? = 51°80(52) 
Taking log on both sides, we get 
log,(2x) . log2 = log, (5x) . log 5 
(log 2 + log x) ee (log 5 + log x) \ 
log a log a 
(log 2)? + log x. log 2 = (log 5)? + (log x) log 5 
log x (log 2 — log 5) = (log 5)? — (log 2)? 
— log x = log 5 + log 2 = logl0O 
l 


xe-- 
10 


og 5 


1 YUdy 


: log -2 : 
Example 28 Prove that the equation x °84e°* — 4 has no solution. 


log 2 
Sol. Wehave x°8*"" =4,x>0,x#1 


=> x2loes 2x 4 

Pan logs 4x” =4 

> 4c=4 

=> x = +1, which is not possible. 


Hence equation has no solution. 
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Example 29 = Solve: xlsx? 9 
Sol. Taking logarithm of both the sides with base 3, we have 
log, (1 —x)}? log; x =2 


log,(I— x)" 
log; x 
= log; (1 —x)?=2 
=> (1 —x)? = 9 (clearly x # 3) 
=> x=4,-2 
But x > 0, So the solution set is {4}. 


log; x =2 


Example 30 Solve: (x+1)'°8* = 100(x+1) 


Sol. (x+1)%%*) = 1000¢41) 


=> logi9(x +1) logi9(x +1) =log,)(100(x+1)) 
=> logio(x + 1) logio(x + 1) = 2 + logig (x + 1) 
Let logio(x + 1) = y. Then 

y¥-y-2=0 
=> y=2or-1 
=> logig & + 1) =2 orl 


=> xt 1=100 or 1/10 > x = 99 or— 9/10 
Example 31 Solve: x—3p! =3\x-3/' =e 


Sol. 4\x-3)F* = 3x3" -- 


Taking log on both the sides, we get 
x~2 


27 tog |x-31= log| x-3} 
xt+l x-2 
| -3| | ——-——| =0 
=> og |x \| 4 = 
x +i x-2) 
=> log k~31= or |( 7 ( 3 })J-° 
=> x=4,2orx=11 


Example 32 Solve: 5 - 3!&* —2!ls:* _3 = 
Sol. 5. 3)°8s* = gi-log2x —-3=0 


=> le Sao 
x 
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=> 5x* -3x-2=0 
=> x=lorx= = (not possible) 


= x=! 


Example 33 Solve: | x-1 {081039 —loBi0 7 =|x-1 P 


Sol. We have | x—1 |"? "80" 2] y-1fP x>O,xe1 
=> kx — If = I or (logyx)? — logyge* = 3 
=> x = 2 or (log;9x)? — 2logygr-— 3 = 0 
= x =2 or (logiox — 3) (logipx + 1) =0 
=> x =2 or logior = 3, logiox = -1 
=> x=2,x= 1000 orx=0.1 
Example 34 Solve: x!°6:¥"*logs#)?-10_ 1,2 
Sol. Taking log of both the sides with base 3, we have 
(log; x? + (log; x)? — 10) (logs x) = — 2 log 3x 
=> log; x = 0 or 2 logy x + (log; x)? -8 =0 
=> x= 1, log; x =- 1 +3 or log; x = 2, log; x =- 4. 
Hence x = 1, 32, 34 =1,9, 1/81. 


Example 35 Solve: xv = (Vx)" 


Sot. x’ = (vx)" 
=> Vx log x =x log Vx 


= log | Vs ‘ z]=0 


=> togx=0 or | Vi = =|=0 


=p x=lorx=4 


Exercise 1 


Solve: logs(x — 3) = 3 

Solve: log7(x ~ 2) + log7(x + 3) = log7!14 
Solve: loga(x + 5) — log.(2x — 1) =5 
Solve: log, (3x — 2) = login x 


bee alae ae 


5. Solve: 2log, , 5 (vx? +1 +x}+ log, _ (ve +1 -.| =3 
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6. Solve: log, (x — 1) = log, (x - 3) 
7. Solve: logg9 — logo27 + logger = loge4x — loge4 
8. Solve: Jlog(-x) = log Vx? (base is 10) 
9. Iflog,x + log, y = 2, x? + y= 12, then find the value of xy. 
10. Find the value of 6 for which the equation 2 log,5 (ox + 28) = — logs (12 — 4x 
~ x) has coincident roots. 
11. Solve: log; {5 + 4 log; (x-1)} =2 
12. Solve: logs (3 —x) + loggz5 (3 + x) = logy (1 — x) + logo25 (2x + 1) 
2 
13. Solve: tous (8/x") =3 
(logs x) 
14. Find value/values of the parameter & for which (log), x)* — logyg x + logig k= 0 
with real coefficients will have exactly one solution. 
15. Solve: If log (5x ~2)—2 logs y3x+l =1- log; 4 
16. Solve: log,(x + 2)? + 3 = logy(4 —x) + log,(6 + x)? 
17, Suive: | 807 Va togiga + logyo 2 
. Svive: =logipga + lo 
logy(a-1) 2 B10 B10 
18. Solve: tots( lobe |x| + (25)*- 1) =2x 
19. Solve: logs(x? — x) logs = } + (logox)? = 4 
x 
20. Solve: log,(25* *3 -1) = 2 + logs(5**3 +1) 
21. Solve: log4(2 x 4*-? -1) + 4 = 2x 
Exercise 2 
1. Solve: log, 2 log2, 2 = logs, 2 
2. Solve: log;,2 + logs2x = — ; 
3. Solve: loga: @ + log, a’ + log 2, a? =0;a>0,#1 
4. Iflogox + log,2 = 2 = logay + log, 2 and x # y then find the value of x + y. 
5. If xy? = 4 and log, (log) x) + logy, (log;2y) = 1, then find the value of x. 
6. Solve: 2**2, 56" = 10" 
7. Solve: y! + log, ¥27 logzx+1=0 


. Ifthe equation ylos.x* _ 
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& = . 
ce , a #0, has exactly one solution for x, then find 


a 
the values of k. 


2 
. Solve: 7°87 45) = (-1) 


. Solve: x!80* = 100x 


- Solve: log3x-log,x-logsx = log3x-logyx + logyx-logsx + logsx-logyx. 


12. Solve: logs,4 logs (x7 + 7) + log; logis (2 + 7)! =- 

13, If Slee — 3 osx—1 = 3 logx+1_ 5 logx-! where the base of logarithm is 10, then 
find the value of x. 

14. Solve: log » 16 + log>,64 =3 

15. Solve: 9!°8(8*) = jog x —(log,x)? + I 

16. Solve the equations for x and y: (3x)!°8? = (4 y)'°84, gles = 3logr 

17. Solve: x'®* =2 and y!&” =16 


CHAPTER 


Logarithmic 
oO Inequalities 


Generalized Method of Intervals for Solving Inequalities 


Let F(x) = (x-a, yi (x~a)*...(x-a,_,)* (x-a,)* where k;, kz, ... k, € Zand 
Q, G2, ... a, are fixed real numbers satisfying the condition 
Qa) <a, <a3<...< ay) <a, 
For solving F(x) > 0 or F(x) < 0, consider the following algorithm: 


e@ We mark the numbers ay, a2, ... , a, on the number axis and put the plus 
sign in the interval on the right of the largest of these numbers, i.e., on the 
right of a,,. 


© Then we put the plus sign in the interval on the left of a, if k, is an even 
number and the minus sign if &, is an odd number. In the next interval, we 
put a sign according to the following rule: 

e When passing through the point a,_, the polynomial F(x) changes sign if 
k,; is an odd number. Then we consider the next interval and put a sign in 
it using the same rule. 

@ Thus we consider all the intervals. The solution of the inequality F(x) > 
0 is the union of all intervals in which we have put the plus sign and the 
solution of the inequality F(x) < 0 is the union of all intervals in which we 
have put the minus sign. 


Frequently used Inequalities 


(i) ~-a)(x- 6) <0 =x e (a, b), wherea<b 

(ii) (x-a)@ — b) > 0 =x € (-©9, a) U (6, ©), where a <b 

(iii) x? < a? =x € [-a, a] 

(iv) x? 3a? >x € (-©, -a] U [a, ©) 

(v) If ax? + bx +¢<0, (a> 0) =x © (a, B), where @, B(a< B) are the roots of 
the equation ax? + bx +c =0 

* (vi) If ax? + bx +c > 0, (a> 0) =x € (-», a) U(B. ©), where a, B (a < B) are 

roots of the equation ax? + bx +c =0 
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Example 1 Solve: (2x + 1) @-—3) (x +7) <0 
Sol. (2x+1)@-3)@+7)<90 
Sign scheme of (2x + 1) (— 3) (x + 7) is as follows: 


- + = + 
ae SecmeeE Deere aes eee! 
-7 -1/2 3 
Fig. 5.1 


’ Hence, solution is (-c», -7) U (-1/2, 3). 


Example 2 Solve: 2 <3 
x 


Sol. z <3 
x 


=< 213 <0 


x 
(we cannot cross multiply with x as x can be negative or positive) 
Em 2-3x <0 
x 
a 3x—2 >0 
x 
= (x-—2/3) a, 
x 
* Sign scheme of (eat) is as follows: 
x 
+ - + 
—_+-——_ +. 
0 2/3 
Fig. 5.2 


=> x € (2, 0) U (2/3, 00) 
2x-3 = 


Example 3 Solve: 23 
3x-5 
so. 2323 
3x—-5 
wy ARES og 
3x-5 
as 2x-—3-9x+15 >0 


3x-5 


Logarithmic Inequalities 51 


= —7x+12 >0 
3x-5 

7x -12 
=> < 

3x-5 
Sign scheme of de is as follows: 

+ - + 
5/3 12/7 
Fig. 5.3 


=> xe (5/3, 12/7] 


x = 5/3 is not included in the solution as at x = 5/3, denominator becomes 
zero. 


Example 4 Solve: x27-x-1<0 


Sol. _Let’s first factorize x? — x— 1 
For that let x2 —x- 1 =0 
va ltvira _1eJ5 


2 22 


14.5 
2 


Now on number line(x-avis) mark x = 


+ - + 
1-5" L+J/5 
2 2 
Fig. 5.4 


From the sign scheme of x? —x — | which is shown in above figure, 
x—x-1<0 
=> xe — v5 ; owe. v5 
2 2 
Example 5 Solve: (x— 1)? (x + 4) <0 


Sol. (x- 1)? («@+4)<0 q) 
Sign scheme of (x — 1)? (x + 4) is as follows 


i + + 
—_ tp -——————_—_}+—_—_———_ 
4 1 
Fig. 5.5 


Sign of expression does not change at x = | as factor (x — 1) has even 
power. 
Hence solution of (1) is x € (--, -4). 
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Example 6 Solve: x(3-—4x)\(x +1) Th 
(2x -5) 


Sol. x(3-4x)(x +1) 20 
(2x—5) 
«~ wot 5 
(2x—5) 
x(4x-3)(x+1) 50 
(2x—-5) 


0 3/4 5/2 
Fig. 5.6 


= xe (-c9, ~1) U (0, 3/4) U (5/2, oe) 


’ 2x 1 
; a > 
Example 7 Solve: a spud eel 


Sol. We are given a 
2x*° +5x+2  xtl 


2x 1 
-—> 


2x2 45x42 xt 


2x? +2x — 2x? - 5x -2 
= 5 >0 
(2x? +5x +2) (x +1) 
-—3x-2 % 
(2x +1) (xt1) (x +2) 


(3x + 2) 
(x +1) (x +2) (2x +1) 
+ - + 
-] -2/3 ~1/2 co 
Fig. 5.7 


+ = 
—o -2 


From the sign scheme solution is: x € (-2, -1) U (-2/3, -1/2) 


Absolute Value of x 
The absolute value of a real number ‘x’ is that number’s distance from zero along 


the real number line and it is denoted by |x|. 
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The absolute value of x, denoted by “| x |” (and which is read as “the absolute 
value of x”), is the distance of x from zero. This is why absolute value is never 
negative; absolute value only asks “how far?”, not “in which direction?”. This means 
not only that | 3 | = 3, because 3 is three units to the right of zero, but also that | —3 | 
= 3, because —3 is three units to the left of zero. 


3 20 
Thus b= {* 
—x, x<0 
= x; 20 
Also, V2 “xk . 
—x, x<0 


x-a,x2a 
|x-al|= , where a>0 
a-x, x<a 


SI), £)20 
~L(9), f(x)<0’ 


where y = f(x) is any real valued function. 


In general, | f(x) H| 


Graph of function f(x) = y = [| 


+X 


We can see that graph of y = |x| is in 18 and 2"4 quadrants only where y 2 0, hence 
|x| > 0. 


Example 8 Solve the following: 
(i) P| =3 (ii) x? — |x} -2 =0 
Sol. (i)|x| = 3, ie., those points on real number line which are at distance 3 units 
from 0, which are — 3 and 3. 
Thus |x] =3 > x=+3 
(ii) x2 — x] -2 =0 
> bl? ~ | -2=0 
=> (x| — 2)(e] + 1) = 0 
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= |x] = 2 Co fe] + 140) 
= x=4+2 


Example 9 Solve the following: 


(i) bk-2]=1 (ii) Qbe +1]? - be +1] =3 
Sol. (i)|x - 2| = 1, i-e., those points on real number line which are at distance | unit 
from 2. 


Fig. 5.9 


As shown in the figure x = | and x = 3 are at distance | unit from 2, 
Hence x = 1 orx =3. 


Thus |x — 2) = 1 
=> x-2=+1 
=> x=lorx=3 


(ii) 2px +1? — fe +1] =3 


=> 2ly +1P - fx +1[-3 =0 

=> 2b +1]? — 3f +1[ + 2p t+ 1-3 =0 
=> (2bx + 1]— 3) + 1 + 1) =0 

=> 2x + 1[-3 =0 

=> e+ 1] =3/2 

> x+1=+43/2 

=> 


x= W/2orx=-5/2 


Inequalities Involving Absolute Value 


(i) [x| $a (where a> 0) 
So, we have to consider those values of x on real number line which are at 
distance a or less than a from 0. 


=> -aSxEa 
eg. hk] S$2=>>-25x<2; 
bx] <3 > -3<x<3 ete. 
In general, |f{(x)| $ a (where a> 0) > -a S$ f(x) <a 
(ii) |x| 2 a (where a > 0) 
So, we have to consider those values of x on real number line which are at 
distance a or more than a from 0. 


Logarithmic Inequalities 


Fig. 5.11 


=> xS-aorx2a 

e.g. bk] 23 > xS-3 orx23; 

bk] >2=9x<—-2orx>2 

In general, |f(x)| = a = fx) S-a or f(x) 2a 
(iii) a < |x| < b (where a, b > 0) 
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So, we have to consider those values of x on real number line which are at 


distance equal to a and b or between a and b from 0. 


—_——___—__} —___-» —___-___- 
-b --a@ Q a b 
Fig. 5.12 
=> xe [(-5,-a] VU [a, 5] 


e.g.2< |x] <4—> xe [-, -2] U [2, 4] 


Example 10 0<|[x|<2 


We know that |x} 20,VxeR 
But given |x] >O > x #0 
Now, 0 < [x] <2 
=> xe (-2,2),x#0 
=> xe (-2, 2)-{0} 


Example 11 Solve: [3x -2| <4 


|3x -2| <4 
=> ~4<3x-2<4 
=> -2<3x<6 
=> ~2/3<x<2 


Example 12 Solve: x7 — 4|x| +3 <0 


x? ~ 4|x] +3 <0 
= (x - 1)(e] - 3) < 0 
=> 1< |x} <3 
= -3<x<-lorl<x<3 


> x e(-3,-1) U (1, 3) 


Example 13 Solve: | x ~3| 22 


|x-3| 22 
=> x-3s-2o0rx-322 
= xSlorx25 
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Standard Logarithmic Inequalities 


x>y, if a>1 
i) If] c >I > 
( Tlogex > logay es if O<a<l 


x>a’, if a>l 


(ii) Hlogx>y => ae if O<a<] 


(iii) log,x>0=x> 1 anda> 1 
or 0<x<iand0<a<1 


x42 gxt3 = grt xt] gxt2 


Example 14 Solve: 2 >5 


Sol. prt2 = 23 = grt > git —5*t2 
=> 2* (4-8- 16) > 5*( 5 — 25) 
=> (2/5)§<] 
=> x € (0, ) 


\6x + 10- x? 


Example 15 Solve: (3) < a 


64 
(3 \ox4 8-20 27 

Sol, | — <— 

4 ' 64 


> 6x+ 10-7 >3 
x -6x-7<0 
(x+ 1) @-7)<0 
Example 16 Solve: logo(x -1) > 4 
Sol. logo(x-1) >4 
=> x-1>24 
=> x>17 
Example 17 Solve: log3(x —-2) <2 
Sol. log3(x-2) <2 
=> 0<x-2<537 
=> 2<x<il 


Example 18 Solve: logg3(x7 -x +1) > 0 
Sol. logo3(x7-x +1) > 0 
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=> 0 <x? -x +1 <(0.3)° 

=> 0<x?-x4+1 <1 

=> x? x +1 > Q and x2 -x <0 

=> x(x-—1)<0 

=> 0<x <1 (asx?—x+ 1 =(x- 1/2)? + 3/4 > 0 for all real x) 


Example 19 Solve: logy9(x? —2x -2) < 0 
Sol. logyo(x? -2x -2) < 0 
=> 0 <x* -2x-2 < 10° 
=> x* -2x -2 > 0 and x7 -2x-3 <0 
=> x<1-v3 orx> 1+¥3 and (x-3)(x+1)<0 
=> x< 1-3 orx> 14+J3 and—-1 5x53 
> x €[-1, I-V3) U(1 + V3, 3] 
Example 20 Solve: logg a|x -3} 2 0 


Sol. logo,alx 3] 20 
=> 0<|r-3/< (0.2) 


> O0<|x-3]<1 
=> -—I1<x-3<1andx-3+40 
> 2<x<4andx#3 
=> xe (2, 4)- {3} 
Example 21 Solve: lo 3-3 9 
P : Bos 42 
ome, 
Sol. lo <0 
Bossa 9 
=> 3-% . 15)? 
x+2 
3-x 
= >1 
xXx+2 
=> g=* 450 
x+2 
= 3-x-x72 4 
x+2 
se 2x-l 6 
x+2 


=> -2<x<1/2 
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Example 22 Solve: logoos (x — 1) 2 logo2 (x - 1) 
Sol. logos (x — 1) 2 logo2 (x- 1) 


— logo 22) (*— 1) 2 logy 2(*-1) 


1 
= 3 logo 2(x—!) 2 logy .(x—-1) 


=> logy 2(x—1) 2 2logy (x-1) 
=> logg2(x—1) 2 logy (x- 1)? 
=> (x-1) <$(x-1)? 

=> (x-1P% Hx-1)20 

=> (x- 1-1-1) 20 

= (x-1)~%-2)20 

=> xSlorx22 

Also x> 1 

Hence x 2 2 


Example 23 Solve: !og;(x + 2) (x + 4) + logy; (x +2) < = l08 5 7 


Sol. (x+2)(x+4)>0,x+2>0 

=> x>-2 

Now given inequality can be written as 
(log7)/2 


log; (x + 2) (x + 4) — log; (x + 2) < (log3)/2 


= log; (x + 4) < log; 7 
=> x+4<7orx<3 


Example 24 = Solve: logy(4 — x) 2 log),2 — logya(x — 1) 


Sol. log)p(4 — x) 2 log;,2 — logia(x— 1) 
login(4 — x) — 1) 2 logyn2 
(4~-x\(x-1) <2 
x—5x+620 
(x-3)(x-2)20 
x230rxs2 

but x € (1, 4) 

= xe (1,2) U [3, 4) 


Example 25 Solve: 2+ log, Vx+1 >1-logip ¥4—x? 


a |e |e 


Sol. 2+ log, Vx+1 >1-login V4-x2 


VUUY 
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I+ log, Vx+1 - log, V4—x? >0 
log22 + log, vxtl - log, V4—x? >0 


2Vx+1 


log, - >0 
a 


2vx+1 
V4 —-x? 


4(x + 1)? >4~x? 

42+ 8x+4>4-x2 

5x7 + 8x>0 

x>0 (i) 


>I 


Alsox+1>0Oand4-x7>0 


=> 


x>-—land-2<x<2 (ii) 


From (i) and (ii), 0<x <2 
Example 26 Solve: logy (x + 1) - logy (x + 1) — logs (x + 1) - log, (x + 1) +1<0 


Sol. We have logy (x + 1) - logs (x + 1)— logy (x + 1) - log, @+1)+1<0 


— 


= 


(logs(x +1)-1) (log,(x+1)-1) <0 


(lS mel) 


Pesi5 
Case I: log {Art |0 
a 


=> 


=> 


x>&8. (1) 


-~-[<x<]l (2) 


Form (1) and (2), we getxe @. 


Case II: log, (%#")< 0 
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=> go< ttl 
9 
=> —~1<x<8 (3) 
x+) 
lo —|>0 
al 2 } 
Zs x+l 1 
2 
=> x>I (4) 


From (3) and (4), x € (1, 8). 

So integral values of x are 2, 3, 4, 5, 6, 7. 
Example 27 Solve: logy, +(x? —x) < 1 
Sol. logy, +3) -x) <1 


x(x-1)>0 

> x>lorx<0 (1) 
Let x+3>1 

=> x>-2 


Here we have x7 -x<x+3 
> x7 -2x-3<0 

=> (x-3)~+1)<0 
Hence x € (- 1,0) U(I, 3) 
Again, letO0<x+3<1 


-3<x<-2 (1) 
Then x2-x>x+3 
=> x?-2x-3>0 
=> (x-3)(x+1)>0 (2) 
Hence x € (—3, ~2) 
2x -3 
Example 28 Solve: ,/!082 ay et 
Sol. Inequality is true if 
2x-3 
o< log, x-l a | 
ie teeieg 
x-l 
jee, 2x-3 aie oxs 2x —3-2x+2 <0 


x-l x-l 
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=> Bad Ry, se =x> 1 (1) 
x-l x-l 
and 2x—3 2=Il=> 2i-3 ~12>0 
x-l x-l 
= 2x-3-x+1 59 = <=" 20 => x>22orx<! (2) 
x-l a 


Taking intersection of (1) and (2), x > 2. 
l-log, x 1 


Example 29 Solve: Talogs x < > 
2? 


Sol. Let logox=t 
< 


1-(/2) 21 
I+¢ 2 ' 


fp: PEE eG 

l+¢ 

2-1 

t+l 

=> pesarerae 
2 


1 
=> logax <-I or logsx > 3 


1 
=> O<x< 5 orxev2 


2(x - 2) 
Example 30 Solve: log, eR EHS) 21 


Sol. Case I: Vx > lorO<x<]1 


"  2%x-2) 
00s (es) ! 


Pir) ae 


(x+1)(x-5) x 
2(x— 2) 1 > 


(«+1)(x-5) “x. 
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2x(x—-2)—(xt1)(x—5) 


20 
x(x¥4+1)(+-5) 


x7 +5 
2 
x(x+1)(x-5) 
=> xe (-1, 0) U (5, &) 
Hence no solution in this case 


Case II: 0< Lu <lorx>1 
x 


0<x<5 
(x+1)(x-5) 
xe (I, 2) 
Example 31 Solve: (x-2)" 8 >1 


Sol. Clearly, x > 2 
(x= 2)" -Or8 >1 


= (x- 2yF S48 >(x- 2)° 
Letx-2>1 
x>3 
We have 
xr-6x+8>0 
= (x-2)(x-4)>0 
=> x<2orx>4 
From (ii) and (iii), x > 4 
Letx-—2<1 
x<3 
So x? -6x+8<0 
(x-2)(*-4) <0 
¢ 2<x<4 
From (iv) and (v); 
2<x<3 
Thus we have x € (2, 3) U (4, ) 
Example 32 Solve: 2(25)* — 5(10°) + 2(4) 20 


Sol. 2(25)" - 5(10*) + 2(41) 20 
=> 2(5)* — 5(5)* (27) + 2(2%) 20 


(1) 


(i) 


(ii) 


(iii) 


(iv) 


(v) 
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x x 
=> (3) -2 2(2) -1/20 
2 2 
~ Is <} or (3) 22 
2 2 2 
=> xSlog,50.5 orx2 log, 52 
\ logy a? 
Example 33 Solve: (4 | pater 
\2) 2losio(—a) 
f toga” 2 
so. {1 Se Se 
(2 g'eBio(-a) 
We must have a <0 
=> sands. ga : 


2? log(-a) 2 glost-a) 


Y- 1)@-2)>0 | 
y<lory>2 | 
ZAP el or oe OD 59, 

—logio( — a) < 0 or — logig(— a) > 1 

logio(— a) > 0 or log;g(— a) <- 1 

-a>lor-a<107! 

a<-lora>-0.l 

ae (—%,- 1) U (- 0.1, -9) 


VUNUNY dug 


log; s | 
Example 34 Solve: (0.5) ®t aG “S)>1 


Sol. (0.5) 5093) 51 


- gee 
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4 
=> log, log, (-7-$)<o 
5 


i ae 
Example 35 __ Find the values of x for which the function /(x)= ‘ga — is 
= x 
2 
defined. 
! x-l 
Sol. f(x) = _ flog, —— 
Ves x+5 
It is defined if log, 2—L 20 
=x+5 
2 
-1 
= 0< $1 
x+5 
x-l . 
For >0 ,xe (ce, -5) UI, -) ..(i) 
x+5 
For al <1} 
x+5 
x-! 
—--1<0 
x+5 
=> en 
x+5 
=> x>-5 .. (ii) 


From (i) and (ii), x €(1, ©). 


Exercise 1 


1. Solve: 1 < log(x -2) <2 
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2. Solve: logs|x —1| < 1 
3. Solve: log3|x| >2 } 
4. Solve: logy |4—Sx|{>2 | 


5. Solve: jog, x= 


>v0 
2 


x 


x-4 
6. Solve: | <1 
ai a ES 


7. Solve: logo > xe2 <1 
x 


8. Solve: log3(2x? +6x —5) >1 
9. Solve: logy, (x? — 6x + 12) >-2 
10. Solve: 2 log3x — 4 log,27 $ 5 (x> 1) 


11. Let f(x) = ylogio x? . Then find the set of all values of x for which f(x) is real. 
12. Solve: 2'°8 -) > x45 


13. Solve: x!8* > 5 


14. Solve: (loggg 0.216) logs (5 — 2x) <0 
15. Solve: log3(x + 2) (x + 4) + logy, (x + 2) < 5108 5 7 
16. Solve: logig (x? — 16) < logig (4x — 11) 


17. Solve: log gz logs (Vx? +5+x)>0 : 
18. Solve: log)2(4 —x) 2 login2 — login(x - 1) 


19::. Solvel Eto 9 opr gs? 


20. Solve: | -- <— 


Exercise 2 


1. Solve: log;_, («-2)2-1 


2. Solve: log, vx —2 (logy, x)? +1>0 


9 
3. Solve: 2log, (x+5)>Zlog , (9)+log (2) 
4 33 
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3 
4. Solve: log; x—(log; x jy < 2 8 yay! 


5. Solve: log, (47-1) <0 


2 
x +N 
6. Solve: lo: l : <0 
toa 86 x+4 


7. Solve: log; (x7 -2) < log; (311-1) 


8. Solve: logy. + (4? - 4) > | 
9. Find the domain of function (x) = log, {logs(log; (18x — x? — 77))} 
x-l 


10. Solve: ——.. £1 
log,(9-3°)—3 


Hl. Solve: >I 


re 


12. Solve: 2(25)* — 5(10*) + 2(4") 20 


CHAPTER 


Using Logarithmic 
Table 


Finding Logarithm 


To calculate the logarithm of any positive number in decimal form, we always 
express the given positive number in the decimal form as the product of an integral 
power of 10 and a number between | and 10, i-e., any positive number » in the 
decimal form is written as 

n=mx 10? 
where p is an integer and | < m < 10. This is called the standard form of k. 


Characteristic and Mantissa of a Logarithm 


Let 1 be a positive real number and 7 x 10” be the standard form of n. Thenn =m 
x 10, where p is an integer and m is a real number between ! and 10, i.e., 1 Sm < 
10. Thus, 


logig 1 = logig (#7 X 10”) 
= logio 21 + logig! 0" 
= logig m+ p logig 10 
= pt logiom 
Thus, 
logig | S$ logig m7 < logy, 10 
=> 0s logigm <1 
Thus, the logarithm ofa positive real number 7 consists of two parts: 
i. The integral part p, called characteristic, which is positive, negative, or zero. 


ii. The decimal part log m, called mantissa, which is a real number between 0 and 
L. 
Thus, log » = Characteristic + Mantissa 
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Note that it is only the characteristic that changes when the decimal point is moved. 
An advantage of using the base |0.is thus revealed: if the characteristic is known, the 
decimal point may easily be placed. If the number is known, the characteristic may 
be determined by inspection, i.e., by observing the location of the decimal point. 
Although an understanding of the relation of the characteristic to the powers of 10 
is necessary for a thorough comprehension of logarithms, the characteristic may be 
determined mechanically by the application of the following rules: 
1. For a number greater than I, the characteristic is positive and is one less than 
the number of digits to the left of the decimal point in the number. 

2. For a positive number less than I, the characteristic is negative and has an 
absolute value one more than the number of zeros between the decimal point 
and the first nonzero digit of the number. 


Example 1 Write the characteristic of each of the following numbers by using their 
standard forms: 


i. 1235.5 ii. 346.41 
iii. 62.723 iv. 7.12345 
v. 0.35792 vi. 0.034239 
vii. 0.002385 viii. 0.0009468 
Sol. 
Number Standard form Characteristic 
1235.5 1.2355 x 10° 3 
346.41 3.4641 x 102 2 
62.723 6.2723 x 10! I 
7.12345 7.12345 x 10° 0 
0.35792 3.5792 x 107! -l 
0.034239 3.4239 x 1072 -2 
0.002385 2.385 x 1073 -3 
0.0009468 9.468 x 1074 4 


Mantissa of the Logarithm of a Given Number 


The logarithm table is used to find the mantissa of logarithms of numbers. It contains 
90 rows and 20 columns. Every row beings with a two-digit number 10, II, 12,..., 
98, 99 and every column is headed by a one-digit number 0, I, 2, 3, .... 9. On the right 
of the table, we have a big column which is divided into nine sub-columns headed by 
the digits 1, 2, 3, ..., 9. This column is called the column of mean differences. 

Note that the position of the decimal point in a number is immaterial for finding 
the mantissa. To find the mantissa of a number, we consider the first four digits from 
the left most side of the number. If the number in the decimal form is less than one 
and it has four or more consecutive zeros to the right of the decimal point, then 
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its mantissa is calculated with the help of the number formed by digits beginning 
with the first nonzero digit. For example, to find the mantissa of 0.000032059, we 
consider the number 3205. If the given number has only one digit, we replace it by a 
two-digit number obtained by adjoining zero to the right of the number. Thus, 2 is to 
be replaced by 20 for finding the mantissa. 


Significant Digits 

The digits used to compute the mantissa of a given number are called its significant 
digits. 

Example2 Write the significant digits in each of the following numbers to compute 
the mantissa of their logarithms : 


i. 3.239 ii. 8 iii. 0.9 iv. 0.02 
v. 0.0367 vi. 89 vii. 0.0003 viii. 0.00075 
Sol. 

Number Significant digits to find the mantissa 
of its logarithm 

3.239 3239 

8 80 

0.9 ; 90 

0.02 20 

0.0367 367 

89 89 

0.0003 30 

0.00075 75 


Negative Characteristics 


When a characteristic is negative, such as —2, we do not perform the subtraction, 
because this would involve a negative mantissa. There are several ways of indicating 
a negative characteristic. Mantissas as presented in the table in the appendix are 
always positive, and the sign of the characteristic is indicated separately. For 
example, consider log 0.023 = 2.36173. Here the bar over 2 indicates that only the 
characteristic is negative, i.e., the logarithm is —2 + 0.36173. 


Example 3 Find the mantissa of the logarithm of the number 5395. 


Sol. To find the mantissa of log 5395, we first look into the row starting with 53. In 
this row, look at the number in the column headed by 9. The number is 7316. 
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fEwICERirE) 


" 
51% 7076 
A 7160 
53) 7243 


Fig. 6.1 


Now, move to the column of mean differences and look under the column 
headed by 5 in the row corresponding to 53. We see the number 4 there. 
Add this number 4 to 7316 to get 7320. This is the required mantissa of 
log 5395. 

If we wish to find log 5395, then we compute its characteristic also. 
Clearly, the characteristic is 3. So, log 5395 = 3.7320. 


Example 4 Find the mantissa of the logarithm of the number 0.002359. 


Sol. The first four digits beginning with the first nonzero digit on the right of the 
decimal point form the number 2359. To find the mantissa of log (0.002359), we 
first look in the row starting with 23. In this row, look at the number in the column 
headed by 5. The number is 3711. 


3345 
3541 
3729 
3909 
4082 


NHMYNN 


Fig. 6.2 


Now, move to the column of mean differences and look under the column 
headed by 9 in the row corresponding to 23. We see the number 17 there. 
Add this number to 3711. We get the number 3728. This is the required 
mantissa of log (0.002359). 


Mantissa of log 23.598, log 2.3598, and 0.023598 is the same (only 
characteristics are different). 
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Example 5 Use logarithm tables to find the logarithm of the following numbers: 
i. 25795 ii. 25.795 
Sol. 

i. The characteristic of the logarithm of 25795 is 4. 
To find the mantissa of the logarithm of 25795, we take the first four digits. 
The number formed by the first four digits is 2579. Now, we look in the row 
starting with 25. In this row, look at the number in the column headed by 7. The 
number is 4099. Now, move to the column of mean differences and look under 
the column headed by 9 in the row corresponding to 25. We see that the number 
there is 15. 
Add this number to 4099. We get the number 4114. This is the required 
mantissa. Hence, 

log (25795) = 4.4114 

ii. The characteristic of the logarithm of 25.795 is 1, because there are two digits 
to the left of the decimal point. The mantissa is the same as in the above 
question. Hence, 

log 25.795 = 1.4114. 

Similarly, . log 2.5795 = 0.4114. 
and log (0.25795) =—1+0.4114= 1.4114 
Here —1 + 04114 cannot be written as —1.4114, as —1.4114 is a negative number 
of magnitude 1.4114, whereas —1 + 0.4114 is equal to -05886. In order to avoid 
this confusion, we write I for —1; thus. 


log(0.25795) = 1.4114, 


ANTILOGARITHM 


The positive number 7 is called the antilogarithm of a number m if log m = m. If n is 
antilogarithm of m, we write 1 = antilog m. For example, 


i. log 100 = 2 = antilog 2= 100 
ii. log 431.5 =2.6350 <<  antilog (2.6350) = 431.5 
iii. log 0.1257 = 1.993 <>  antilog (1.993) = 0.1257 
To find the antilog of a given number, we use the antilogarithm tables given as 
an appendix at the end of the book. To find 7, when log 7 is given, we use only the 
mantissa part. The characteristic is used only in determining the number of digits in 
the integral part or the number of zeros on the right side of the decimal point in the 
required number. 


To Find Antilog of a Number 


Step I: Determine whether the decimal part of the given number is positive or 
negative. If it is negative, make it positive by adding | to the decimal part 
and by subtracting | from the integral part. 

For example, in —2.5983, the decimal part is -0.5983 which is negative. 
So, write 
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—2.5983 = ~—2 -— 0.5983 
=-2-1+1-0.5983 
=-3+0.4017 
= 3.4017 
Step II: In the antilogarithm table, look into the row containing the first two digits 
: in the decimal part of the given number. 
Step II: In the row obtained in step II, look at the number in the column headed 
by the third digit in the decimal part. 
Step IV: In the row chosen in step III, move in the column of mean differences and 
look at the number in the column headed by the fourth digit in the decimal 
part. Add this number to the number obtained in step III. 
Step V: Obtain the integral part (characteristic) of the given number. 
If the characteristic is positive and is equal to », then insert a decimal 
point after (7 + 1) digits in the number obtained in step IV. 
lf 2 > 4, then write zeros on the right side to get (7 + 1) digits. 
If the characteristic is negative and is equal to —n or 7, then on the right 


side of decimal point write (m — 1) consecutive zeros and then write the 
number obtained in step IV. 


Example 6 _ Find the antilogarithm of each of the following: 


i. 2.7523 ii, 3.7523 
iii. 5.7523 iv. 0.7523 

vy. 1.7523 vi. 2.7523 
vii. 3.7523 


Sol. 
i. The mantissa of 2.7523 is positive and is equal to 0.7523. 
Now, look into the row starting 0.75. In this row, look at the number in the 
column headed by 2. The number is 5649. Now in the same row move in the 
column of mean differences and look at the number in the column headed by 
3. The number there is 4. Add this number to 5649 to get 5653. 


The characteristic is 2. So, the decimal point is put after three digits to get 
565.3. Hence, 
antilog(2.7523) = 565.3 
ii. The mantissa of 3.7523 is the same as the mantissa of the number in Step (i), 
but the characteristic is 3. Hence, 
antilog(3.7523) = 5653.0 
iii. The mantissa of 5.7523 is the same as the mantissa of the number in Step (i), 
but the characteristic is 5. Hence, 
antilog(5.7523) = 565300.0. 
iv. Proceeding as above, we have antilog (0.7523) = 5.653. 
v. In this case, the characteristic is 1, i.e., —1. Hence, 
antilog (1.7523) = 0.5653 
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vi. Inthis case, the characteristic is 2, i.e., -2. So, we write one zero on the right side 
of the decimal point. Hence, 
antilog (2.7523) = 0.05653 


vii. Proceeding as above, antilog (3.7523) = 0.005653. 
Example 7 Evaluate 3/72.3, if log 0.723 = 18591. 


Sol. Let x = ¥723 . Then 


log x = log(72.3)' or log x= : log 72.3 


or logx= = x 1.8591 = log x = 0.6197 


or x = antilog(0.6197) 
= 4.166 (using antilog table) 


Example 8 Using logarithms, find the value of 6.45 x 981.4. 
Sol. Let x = 6.45 x 981.4. Then, 

log x = log (6.45 x 981.4) 

= log 6.45 + log 981.4 

= 0.8096 + 2.9919 (using log table) 

= 3.8015 

‘ x = antilog(3.8015) = 6331 

(using antilog table) 

Example 9 Let x = (0.15)*°. Find the characteristic and mantissa of the logarithm 
of x to the base 10. Assume log)92 = 0.301 and log)g3 = 0.477. 


(15 
Sol. log x = log(0.15)?° = 20 log i 


= 20[log 15-2] 
= 20[log 3 + log 5—2] 


A , eee 
= 20[log 3 + 1 —log 2-2] UC logig 5 = logig 4 

= 20[-1 + log 3 — log 2] 

= 20[-I + 0.477 - 0.301] 

= -20 x 0.824 =—16.48 =17.52 

Hence, Characteristic =—17 and Mantissa = 0.52 
Example 10 If logig 2 = 0.30103, logig 3 = 0.47712, then find the number of digits 
in 3!2 x 28, 
Sol. Let y= 3!? x 28 

=> logio y =12logig 3 + 8logig 2 

= 12 x 0.47712 + 8 x 0.30103 
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= 5.72544 + 2.40824 
= 8.13368 
Number of digits in y=8 + 1 =9. 
Example 11 _ If log,(logs(log2 x)) = 2 then find the number of digits in x (logi92 = 
0.3010). 
Sol. logs(log.(log, x)) = 2 
log,(logax) = 4 
> logax = 16 
=> x= 2/6 
logiox = 16 log)92 = 16 x 0.3010 = 4.8160 
Number of digits in x = 5 
Example 12 Find the number of digits in 8'? 535, 
Sol. Let N, = 8!2 535 
> logig Nj = logig (256 - 53) 
= login (1035-2) 
= 35 + logig 2 
= 35+ 0.3010 
= 35.3010 
Thus, number of digits in Nis 36. 


Example 13. Find the number of zeroes after decimal before a significant figure 
20 
Start in Z ¥ 
(3) 


3 \? 
Sol. Now, let Nj = | — 
27 


8 
=> logig N2 = 20 loare( =) 


= 60 login + 


= 60 (logio 2 — logio3) 

= 60 x (0.3010 — 0.4771) 

= —60 x 0.1761 

=-10.56 

=T1 + 0.44 
Therefore, number of zeroes after decimal before a significant figure start 
in N2 is 10. 


Example 14 If logig 2 = 0.30103 and log), 3 = 0.47712, then find the number of 
digits in 32 = 28. 
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. Let y= 3!2 x 28 


= logig y = 12logig 3 + Blog), 2 
= 12 x 0.47712 + 8 x 0.30103 
= 5.72544 + 2.40824 
= 8.13368 

«. Number of digits iny=8+1=9. 


Example 15 In the 2001 census, the population of India was found to be 8.7 * 
10’. If the population increases at the rate of 2.5% every year, what would be the 
population in 2011? 


Sol. Here, P, =8.7x10’, r =2.5, and = 10. 


Let P be the population in 2011. Then, 
, \a 


Pez: 


10 
= 8.7x 1o7(1 +23) 
100 


= 8.7.x 107 (1.025)!0 

Taking log of both sides, we get 

log P = log [ 8.7 x 107(1.025)!9] 
= log 8.7 + log 107 + log (1.025)! 
= log 8.7 + 7 log 10 + 10 log (1.025) 
= 0.9395 + 7 + 0.1070 
= 8.0465 

> P = antilog(8.0465) = 1.113 x 108 


r 
l+— 
100 ; 


(using antilog table) 


Example 16 Find the compound interest on = 12000 for 10 years at the rate of 12% 
per annum compounded annually. 


Sol. We know that the amount A at the end of 7 years at the rate of r% per annum 
when the interest is compounded annually is given by 


an r(itits| 


Here, P= 12000, += 12, anda = 10. 


ae 
12000! ia) 


a ly 
aet \'* Too 


=z 
\ 25) 


i .10 
12000/ 1+ 2} 
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10 
Now, A=? 12000 22] 


=> log A = log 12000 + 10 (log 28 — log 25) 
= 4.0792 + 10 (1.4472 — 1.3979) 
= 4.0792 + 0.493 = 4.5722 
=> A = antilog(4.5722) = 37350. 
So, the amount afler 10 years is § 37350. 
Hence, Compound interest = % (37350 — 12000) = & 25350 
Example 17 If P is the number of natural numbers whose logarithms to the base 
10 have the characteristic p and Q is the number of natural numbers logarithms of 


whose reciprocals to the base [0 have the characteristic —g, then find the value of 
logioP — logio2. 


Sol. 10? < P< 10°"! = P= 107"! 10? > P=9x 10" 
Similarly, 107-'! < O< 107 
=> Q = 107 107-! = 109-'(10- 1) =9 x 1097! 
logioP — logioQ = logio(P/Q) = logig10”4*! 
=p-qt+l 
Example 18 Let Z denote antilog;, 0.6 and M denote the number of positive integers 


which have the characteristic 4, when the base of log is 5, and N denote the value of 
49(-l0g12) 4. Sloss). Find the value of LM/N. 


Sol. L = antilog32 0.6 = (32)6/!0 = 26610 = 93 = g 


M = Integer from 625 to 3125 = 2500 
N= 49''log, 2) + 5 logs 4 


= 49 x 772! 2 4 5-loes 4 


4.4 3 


LM _8x2500x2 


= 1600 
N 25 
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Logarithm and Antilogarithm Tables A.3 


345678 9 
2344 5 6 6 
23 44 5 6 6 
23345 66 
233 45 5 6 
233 4 5 § 6 
2334 5 5 6 
233 4 5 5 6 
23 3 4 5 5 6 
233 44 5 6 
223 44 5 6 
223 4 4 5 6 
223445 5 
223 44 5 5 
223 44 5 5 
223 445 5 
223 345 5 
223 3 45 5 
223 3445 
223 3445 
223 3445 
2233 44 5 
2233445 
223 3 44 5 
223344 5 
2233 44 5 
85 11223 3 4 4 5 
86 11223 344 5 
87 o1122 3 3 4 4 
88 o1rl12233 44 
89 o1122 3 3 4 4 
90 o1t22 3 3 4 4 
91 o1122 3 3 4 4 
92 o1it1223 344 
93 o11223 3 4 4 
94 ottl223 3 44 
95 o112 2 3 3 4 4 
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96|9823 9827 9832 9836 9841 9845 9850 9854 9859 9863}0 | 1 
97|9868 9872 9877 9881 9886 9890 9894 9899 9903 9908/0 1 1 
98/9912 9917 9921 9926 9930 9934 9939 9943 9948 9952/0 1 | 
99/9956 9961 9965 9969 9974 9978 9983 9987 9991 9996/0 
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TABLE A-1.2  Antilogarithms 


00} 1000 1002 1005 1007 1009 1012 1014 1016 1019 1021 
-O1]1023 1026 1028 1030 1033 1035 1038 1040 1042 1045 
.02)1047 1050 1052 1054 1057 1059 1062 1064 1067 1069 
.03| 1072 1074 1076 1079 1081 1084 1086 1089 1091 1094 
.04)1096 1099 1102 1104 1107 1109 1112 1114 1117 1119 
-O5] 1122 1125 1127 1130 1132 1135 1138 1140 1143 1146 
06) 1148 11S] 1153 1156 1159 1161 1164 1167 1169 1172 
O7}1175 1178 1180 1183 1186 1189 1191 1194 1197 1199 
0811202 1205 1208 1211 1213 1216 1219 1222 1225 1227 
09/1230 1233 1236 1239 1242 1245 1247 1250 1253 1256 
-10}1259 1262 1265 1268 1271 1274 1276 1279 1282 1285 
-11] 1288 1291 1294 1297 1300 1303 1306 1309 1312 1315 
-#2)1318 1321 1324 1327 1330 1334 1337 1340 1343 1346 
13] 1349 1352 1355 1358 1361 1365 1368 1371 1374 1377 
-1411380 1384 1387 1390 1393 1396 1400 1403 1406 1409 
1511413 1416 1419 1422 1426 1429 1432 1435 1439 1442 
-1611445 1449 1452 1455 1459 1462 1466 1469 1472 1476 
-1711479 1483 1486 1489 1493 1496 1500 1503 1507 1510 
18) 1514 1517 1521 1524 1528 1531 1535 1538 1542 1545 
-19) 1549 1552 1556 1560 1563 1567 1570 1574 1578 1581 
-20)1585 1589 1592 1596 1600 1603 1607 1611 1614 1618 
21] 1622 1626 1629 1633 1637 1641 1644 1648 1652 1656 
-22| 1660 1663 1667 1671 1675 1679 1683 1687 1690 1694 
-23)1698 1702 1706 1710 1714 1718 1722 1726 1730 1734 
2411738 1742 1746 1750 1754 1758 1762 1766 1770 1774 
-25]1778 1782 1786 1791 1795 1799 1803 1807 1811 1816 
2611820 1824 1828 1832 1837 1841 1845 1849 1854 1858 
.27| 1862 1866 1871 1875 1879 1884 1888 1892 1897 1901 
.28]1905 1910 1914 1919 1923 1928 1932 1936 1941 1945 
29] 1950 1954 1959 1963 1968 1972 1977 1982 1986 1991 
-3011995 2000 2004 2009 2014 2018 2023 2028 2032 2037 
31] 2042 2046 2051 2056 2061 2065 2070 2075 2080 2084 
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A.6 Logarithm and its Applications 
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2 IL 13 14 16 
2 I 13 15 17 
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Chapter 1 
Exercise 1 
1. (i) log)90.001 =x 

0.001 = 10* 
103 = 10° 
x=-3 

(ii) logy (1/32) =x 
1/32 = 2° 
275 = 2° 
x=-5 

(iii) x= 0.1 =O.11TNIIL... 
tOx = LMI... 

Subtracting we get 9x = | 

x=1/9 


= 1 
Now log, 50.1 = OBR = 


=" (93) 
3-2 = 32.5% 


2.5x =-2 
x= -2/2.5 =-—4/5 


(iv) 108 seayg)(5- 2V6) =x 


(5~2V6) = (5+2V6)* 
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(5-2V6\(5 +26) 
(5+2V6) 

Bank 7 Ot NOY 

(5+2V6)! =(5+2/6)* 


x=-l 


=(5+2V6)* 


2. (i) logy x= 


NI vw 


x= (81)'5 = (92)!5 = 93 = 729 
(ii) log 5 x=4 
x= (2)! = 
(iii) logs4x = 5 
4x = 25 
=23=8 


iy 1\" 
3. (i) logiy4 (=) = logis (3) =—4 


(ii) J(logy5 4)? 
= |logys 4| 


= |log9 5(0.5)* | 
=}2| 
=2 
log, 32 
(ii) Jog, 243 


log, (2°) 
log, (3°?) 


===? 
5/2 


7x \ 
4. logs( tan GJ lB conse) (3) 


] 
83 (+) + logy 5G) 


Hints and Solutions 


= log, Bae + logy (1/V3)? 
=-1/2-2 

= —-5/2 

. log, logs logy 256 + 2log 5 2 


= log, log, log, 4* + 2 log (2)? 
= log, log, 4+ 4 

=log,2+4 

=1+4=5 


F log g b=3~ 


= 6= (6)? 28) =2%=22 


- log tan 1° log tan 2° ... log tan 89° 
= log tan 1° log tan 2° ... log tan 45° ... log tan 89° 
= log tan 1° log tan 2° ... (log 1) ... log tan 89° 
= 0 (as log 1 = 0) 
. If possible, let log, 18 = a where p,qgeé / 
q 

1 1 _p 

= log, 9 + log, 2 = a => i eee tae 


=“ (say) 


p | 
_ => ] 3= 2-— 
O82 q2 


A.9 


where m, ne /andn#0 = 3 = (2)™" => 3" = 2” (possible only when m =n = 


0 which is not true) 
Hence log, 18 is an irrational number. 


9, (a) 


(a) logiga= 1/2 


(b) Jlogyz? =1 


\ 3 
(c) ) =8 
log) 9 


1 
d ——— > | =4 
2 eed 
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10. (i) +ve; (ii) —ve; (iii) +ve; (iv) +ve; (v) + ve; (vi) —ve; (vii) +ve; (viii) -ve 
Il. log;sx=a 
x= 5° 

log, y=a 

as yu2? 

10022! = (522?) 1007! 

= (522%)4 x 1007? 

(xy) 


100 
12. log, logis(v2 +2V2) =-172 


=> log, logig VI8 =-1/2 
=> log, (1/2) =—- 1/2 
=> 2s! 
a5 4-12 = 12 
> x=4 
Exercise 2 


Ve 3-2g!85* = 32 
> 385" =] 


> log gx =0 


> x=1 
ere en LN a 
call 2 \ 23 23° ws” 
1 
=> x= V6-x 
23 
=> 128+x-6=0 
=  (3x-2)(4r+3)=0 
=> x= 2/3 
5 ‘ 
ey ae ae 1 


log me 7 — bod oo 
Sl awv3Y wey 2BY 237 


= tog, (2) - 1 
= logs | 2) = — 
2\3) 2 


Hints and Solutions A.11 
3. log, (239 —2)(1293 +4443) 


= log, (72) -(8)!")((72)? 4: (s)°? fe (72) (8)'”) 


= logo((72) — 8) 
= log.64 = 6 
4. Here, 5= 4% and 6 = 5°. 
Let log; 2 =x. Then 2 = 3%, 
Now, 6 = 5° = (42) = 4%or 3 = 2746-1 
2 = (22ab= Nye = 2x(2ab—1) 


=> x(2ab-1)=1. 


5. log, (log, (log; x)) =0 


=> logo(log3x) = | 
=> logyx = 2 
=> x=9 


Similarly, log, (log, (log, y)) 
> log;(logzy) = | 


> logoy =3 
=> y=8 
x-y=l 


6. Put log,755x = 1log3437x =k 
=> 5x = 175‘ and 7x = 3434 


5 (x25) 
=> — = — 
7 7) 
=> k= Ls 
2 


Now, 5x = (175)'? 


=> x= V7 
= xt—274+7=42 


=> logy(x* — 2x7 + 7) = 1 
7. Let logyA = log.B = logo(A + B) =x 
=> A=4,,B=6" andA+B=9 
=. 4°+6t=9F 
=> 24 2%-3ta Zr 
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=>  — (3/2)*-(3/2)*- 1 =0 


(3) - _ 


8 105+ 107-*=4 


=> 102°-4-10°+1=0 
+ = + - 

= orm 48vi6—4 42V5 = 243 or 2-3 
9. log, n =2 

=> n= 6? 

log,25 = 2 

=> 2b =n? 

=> 2=Bb 

=> b=218 


4. 6 3k. 
logax = 4A, logay = 6A, logzz = 3kA 
x= 24 y= 6A 4 = 23kA 


Given °)7z = | 
QI2ADIZADIEA = | 
24A + 3kA=0 
k=-8 
11. logio( + y) =z 
=> xt+y=10 (1) 
And x2 +2 = 10-10% (2) 


Squaring (1), we get (x + y)? = 10% 

=> x+y t 2ry= 10 

=>  2xy= 10-10-10 ) 
Now, 3 + y? = (x+y? — 3xy(x + y) 


=(10)¥- ; {(10)¥ — 10 - (10¥ } 107 


= (10)* - = (oy + 15 - (10) 


= 5 (oy +15(10%) 
1 

a=-—— and b=-15 
2 


=> at+tb= — 


Hints and Solutions A.13 


Chapter 2 


Exercise 1 


1. (1) logig5 + log 92 
= log)95 x 2 
= logyo10 


(ii) . 1081936 + logio5 — log)930 
= 1og1936'? + logyg5 — log 1930 
= logio6 + log 5 — log 30 
= logjo(6 x 5) — log;930 
= log)930 — log) 30 
=0 
(iit) logj95 + 2 log 90.5 + 3 logy 92 
_ = logins + logy90.25 + log 192? 
= logip(5 x 0.25 x 8) 
= logio(5 x 2) 
= logj910 


3 oes BE Sed 
Ea. 1s OS 


70. 22 18 
log — x—— x — 
33 135 7 


ql 
° 
gq 

| 
| 
x 
os 


r 
a 
oQ 

| 

x 

| 

x 

NO 


A.14 Logarithm and its Applications 


Qe 2. 
log—x—x2 
Beg 


Ml 
i 


= 3log2—2log3 
4. (i)— logs log, 9'/!° =— log; log; 35 = — logs(1/5) = 1 


64 viy® 
Gi) .g( 55) =: eg (¥) =-1 


1 
5. 42 log93 _ 4 7*7'833 
rs 3iog33 
=3'=3 
1 
6. We have ———-+ 
log,;x log,z 
But <12<2 
= 2 < log, 12 <3 


= log,3 + log,4 = log, 12 


2 2 
108000 (x?) “3 logig x= 3” 


8. log, 5 3294 


= log,az) (2°45) 
_ 5-2 
* log,os2)(2 5) 
227 
- 35 082 2 
oiB 23% 
5 
9. log, (ab) =x = log.a + log,b =x = log,b=x—-1 
Now, log, (ab) — log, at log, b= 1 +1 = ae = 
log, 6 x-l 
1 1 
10. — =log25 17 = — logs; 17 
y 2 
ieee _ i 
and = = logs 3 = 5 les 9 


Hints and Solutions 


1 
—>-— =x>y 
x 


y 
Ik vw y= 318.4 
or oe Cox >0,x#1) 
log. 4 
or logs y = log, x 
1 
or log. y = 3 log, x 
or 2 logs y = logs x 
or log, y= log. x 
x=y 


a+b 1 
12. log, eo oee hae 5 (log. a+ log, 6) 


=> tog.( 22) 7 (log, Vab) 


ae Bob 


2 
=> a+b—2Vab =0 
=  (va-vb)?=0 
=> a=b 


13. Leta=x-1,b=x,c=x+1 


A.15 


Now, log (1 + ac) = log (1 + (x — I(x + 1)) = log x? = 2 log x = 2 log b 


> K=log b 
14. log, x- logs k= log, 5 


ia logx logk =lags 
logé logS P 
log x 
=log.5 
> logs Bx 
lo = 
cs a logs x 
=> (logs x)? = | 
=> logsx = 1 
=> x= Stl 
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=> x= 


ls 
5 

a= log34; 
Similarly, b = log,5 etc. 


15. 37=4 


Hence abcdef = log;4 - logs5 - logs6 - logg7 « log78 - logg9 = logs9 = 2 
P 1+2log,2 , (log; 2y _ (itlog, 2 
* (l+log; 2)? (1+log,2)? (I+log, 2)? 
17. log;5-log,,27 
logS log27 _ log5S Pe log 3 .3 
~ Jog3 log25 log3 2log5 2 
18. log, 15 x logy62 x log; 1/6 
log!15 log2 log V6 
log2 logWV6 log3 


_ l0g!5 _ log3+logs 
log3 log3 
{+log;5>1+1 


2 


2 PS 
19. p!8aviy' _ 2'8p2'5 _ 4 5'82!5 _ptog:153 =15° 


3 


20, 43!08,y5(3-V6 )-6l08,(V3-V2) 
= 42!082(V3(V3-V2»)-210g, (V3-v2) 
— 42!o62 v3 


= qlogs(v3)* 
=9 
sI+log, 2 
21. f—] +57 eunt) 
49 ) 
— (77? yes 4 +7 
= qlos: 14? +7 


= 14-247 


Hints and Solutions A.17 


Exercise 2 


log, x log, x 
log, x + log, x 


l ! 
— _log,a log,6 


1 1 
+ 


log,a log,b 


1 l 
log.a log.6 
log, at+log,6 


log, alog,.b 


1 
log. atlog,b 


=I 
log, ab ia 
2. 2 log (2y — 3x) = log x + log y 
= log (2y — 3x)? = log xy 
= 4492 -12xyay 
=> 4y? + 9x? — 13xy =0 


re \ 
=  4+9{=| -13|=]|=0 
\y) \y 
\2 
= of] -13[2]e4-0 
y) y 
= (92-4][4-1]=0 
y y ) 
x 4 
=> — =lor- 
y 9 
3. Given 4 log,a + 5log,b = 0 
=> log,b =— 4/5 (1) 
M4 9 ern! (eee 
Now, log,(a°b*) = 5 + 4 log,b =5+4 5 ec 


A.18 Logarithm and its Applications 
4. log;c =3 + log3a 
=> log; £=3 
a 


=> c=217a (I) 
log,b = 2 and logsc = 2 
=> log,b « logye = 4 


=> log,c =4 
=> c=a4 (2) 
From (1) and (2), we get 


a=3andc=81 
From log, = 2, we get b= a? =9 
c 


=> — 


5. a=b, BD =c,C=a 
> x = log,b, y = logsc, z = log.a 


logb loge loga z 
loga logb loge i: 


=> xyz = (log,b)(logyc)(log.a) = 
eae 1 1 
+ ————_ + — 
l+log, bc 1+log,ca 1+log, ab 
log a a log b log c 
logat+logb+loge logat+logb+logce loga+logb+loge 
=1 


1 
torabe ee Se ee eee 
Bre 4be log, abc — log, abc 


=> logarcbc + logas.ca + loggyab = loga,-ab*c? = 2 


1 1 i 1 1 1 
+ 


8. LetK= x los logz _yloee logs ylogx logy 


log K= ie] 


x 1 ie i 3 i 
+ +log y + +logz| —— + (1) 
logy logz | jlogz logx | logx logy 


using log x + log y+ log z = 0, we get 


i 
loge, deagz ._), Mey, Mog? = ang OX 4 ORY a] 
logy logy logx logx logz logz 


RHS of (1) =-3 = logip K=-3 > K= 107 


Hints and Solutions 


— logs 250 log; 10 


9. 
logs 5 log)2595 
=> N= (3 + logs 2) (2 + logs 2) ( 4 + logs 2) 
=> N = (logs 2)? + 5 logs 2 + 6 — [(logs 2)? + 5 logs2 + 4)] 
> N=6-4=2 
10. logyag 63 = log, 7+2log,3 


2log, 2+ log, 7+log,5 


_ _1+2ac 
2¢+1+abe 


oe 
k (-logio 0.1) 
= si 4 | 
q Y(log}9 0.17!) , 
—— 
a Jlogio10 ) ~ ¥7+1 =2 


12. A logso95 + B logzg92 = C 
A log 5 + B log 2=C log 200 = C log(5? 2?) 
A log 5 + B log 2 = 2C log 5 +3 C log 2 
A=2C and B=3C 
For no common factor greater than 1, C = 1. 


A=2;B=3 
A+B+C=6 
13. log; (log, x)+log,,3 (logy. v) = 1 
=> log, (log, x)—log,(—log, y)=1 
if log, x) 
=> log;! — f= 1 
{ log. » J 
a _ log, x =3 
log, y 
L 
=> yal 


Also, xy =9 


A.19 


A.20. Logarithm and its Applications 


= yas 
9 
a x= 729 
14. a>1,b>1 


2(log,c + log,c) = 9log,4c 


2| loge logb+loga loge 
logalogb || loga+logb 


4 


2(log a + logb)? = 9(loga)(logb) 

2(log a)? + 2(log 6)? + 4(log a)(log 5) = 9(log a)(log b) 
2log,a + 2log,b5 + 4=9 

2log,a + 2log,b = 5 


vuuy 


t 


1 5 
f+—-=—, where f= log,b 
. S Ba' 


2P? —-51+2=0 

(24- 1){t- 2) =0 
t=1/2,1=2 

log,b = 1/2 or log,b = 2 


YuUy 


Chapter 4 


Exercise 1 


1. logo(x -3) =3 
= x-3=27=8 
= x=11 
2. logs(x — 2) + log7(x + 3) = logy 14 
=> log7(x — 2)(x + 3) = log, 14 


=> x+x-6=14 
=> xt+x-20=0 
=> (x-4)(xr+5)=0 
=> x=4,-5 
But for x =—5, terms in original equation are not defined. 
=> x = 4 is the only solution. 
3. logo(x + 5) — loga(2x - 1) = 5 
= log, x+5 =5 


2x-1 


Hints and Solutions A.21 


x+5 = 64x —-32 

63x = 37 

x = 37/63 

Also this value of x satisfy terms in original equation. 


Vudu yv 


log, x 1 


log, art 


4. log, (3x — 2) =logip x= = log, x” 


=> 3x-2 =x! = 3x27-2r= 1] x= lorx=- 13. 
But log, (3x — 2) and log; x are meaningful if x > 2/3. Hence x = I. 


5. 2log,, 5 (Vera +x) +log,_ 4g (Ver+1 -3] =3 
=> 2log, 5 (Vr +x) + log. (vit+1 -;] =3 
=> 2log, , (Vx? +1+x)—log,, 5 (Vx"+ -x) =3 
2 
(Vir +x] 


mec 
3 
=> log... 5 (VP +3] =3 


ad (Vrsi+s) =(2+ V3)? 


= Vir +l ¢x=24+ 3 


=. x=v3 
6. The given equality is meaningful ifx—1>0,x-3>0>2x>3. 

The given equality can be written as 

log(x—1) _ log(x—3) 
log4 © log 2 

=> log @ — 1) =2 log (x - 3) (log 4 = 2 log 2) 

> (x~ 1) =@-3) > x? -7x4+ 10=0 

= (x-5)(x-2) =0 > x=S or2. Butx>3 sox=S. 
log; 27 _ loggx 


7. (loge9 + log.4) — 
(logs B64) log,9 5 


— loggx 


A.22 Logarithm and its Applications 


3 1 
> 2- = =- — loggr 

2 2 B3: 
=> Biecmia x 

8 8 Be 

\ 
> x= — 

8 


8. Since the equation can be satisfied only for x < 0 hence VP = |x|=-x, 


-> Vlog(—x) =log(-x) => log(—x) = [log(-x)? 
=> log(-x)[1 — log(-x)j = 0 
= if log(-x) =O >-x=)o5x=-1 
if logio(—x) = 1 = -x=10 =>x=-10 
9. We have 
log,x + logy =2 (1) 
+y=12 (2) 
Let r= log, x 
(x, y> 0, and # 1) 


tetazor(i-1=0 «. t=logx=l 2. x=y 
t 


From (2), 

xwtx-12=02.x=-43 
x =3 only (— 4 rejected) 
y=3 
xw=9 

Wes (be e28) =~ logs (12 - 4x - x2) 
log, (1/5) 

= bx +28 =12-4x-3 

=> 2 +(b+4)x+ 16=0 

Now, (b + 4)? = 4(16) > b+4=+8 

11. We must havex-1>0>x>1 (i) 


5 
and 5 + 4 log; (x- 1) > 0 = 4 log; (x-1) >- 5 = log; («¥-1)>- 4 


=>  x-l> 7 oxo. 45% ay (ii) 
From Eqs. (i) and (ii), x > 1+ 3754 * 
5+4logy(x-1l)=9 = 4 log; (x-1)=4 
= logs(@-l)=1) => x-1L=3 .x=4 
12. logs (3 —x) + logors (3 + x) = logs (1 — x) + logy 5 (2x + 1) 
=> log, (3 —x) — log, (3 + x) = logy (1 — x) — log, (2x + 1) 


Hints and Solutions A.23 


log, (3 — x) + logs (2x + 1) = log, (1 — x) + log, (3 + x) 
(3 —x)(2x + 1) =(1-2x)3 +2) 
3+ 5x—-2x7=3-2x-x7 
x -—7x=0 
x=0,7 
Only x = 0 is the solution as x = 7 is to be rejected. 
13. Let loggx = y. Then given equation reduces to 


VyUUUud 


=> 3y°+2y-1=0 
=> 3y? + 3y-y-1=0 
=> 3yQytl)—-!1yt1) 
=> loggx = y = 1/3,-1 
=> x=2,1/8 
1+ J1-4 log, k 4 logis k 
2 
k= 16. k= 2, —2, 2i, - 23. 


14, logig.x= . For exactly one solution, 4 loyg & = I 


15. log; (Sx—2)—2 log; J3x+1 =1-log; 4 
=> log; (5x — 2) — log; (3x + 1) + log; 4=1 
a -2)(4 
= log,( S229 2x0) = i SEE DE 2g 


3x+1 3x+1 
= x=1 
16. logy(x + 2)? + 3 = logy(4 — x)? + log,(6 + x)? 
2 
ay. hee, [2 2x-x? ) 
+2 J 
te 24-2x-x =a 
x+2 
& 24-2x- a 
x+2 
> x? +6x—-16=0 
=> (x — 2)(x +8) =0 
=> x =2 (as x =—8 does not define original equation) 
17. 2 logjoa + logjo(a — 1) = logig2a 
a@(a—1)=2a 
a@-—a-2=0 


> (a-—2)(a+1)=0 


A.24 Logarithm and its Applications 


=> a=2,-1(not possible) 
a=2 


18. log, (108. |x| + (25)*- 5) =2x 


=> loge, |x| + (25 - > = (25 
1 
=> loge, |x |= — 
. 2 
=> |x|=8 
= x=-8,8 


19. We have logo(x? — x) log. (=) + (logox)? = 4 
x 


[loga(x — 1) + log, x][log(x — 1) ~ logs x] + (logzx)? = 4 
[loga(x — 1) — (logax)? + (logyx)? - 4 = 0 

[loga(x - 1) =4 

logo(x — 1) = +42 


x-l=4orl 


yuuyy 


=> x=5or> 


20. log.(25* *3 -1) = 2 + log,(5**3 +1) 
=> log,(25* *3 —1) — logo(5* 3 +1) = 2 
25743 _] 
os 
25**3 1 ae 
574341 
y-1=4y+4 (putting 5**3= y) 
y-4y-5=0 
y=-1,5 
srt3=5 
x=-2 
472 _1)+4=2x 


=> log, 


Yuyyuds J 


21. loga( 


N 
x 


=> — log,(2x 4-2-1) = 2-4 
= 2x42] = 42r-4 

=> 2y-1 = (putting y = 4*-2) 
=> y-2y+1=0 

= y=l1 

=> 42a] 

=> 


x=2 


Hints and Solutions A.25 


Exercise 2 


1. ** log, 2 logo, 2 = logy, 2 
x>0,2x>0 and 4x > 0 and 
x#1,2x41,4x#1 


=> x>Oandx# 1, 


> 


al 


] 

2 
ae 

log, x log, 2x log, 4x 


Then, 


logs x . log, 2x = log, 4x 

log x . (1 + log, x) = (2 + log x) 
(logy x)? = 2 

logy x =+/2 

atv? 


YuUdyy 


exe far? 224 
2. Given equation is 
I re log, 2x 

1+ log, x 2 


1 4 Ltlog, x _ 3 


1+ log, x 2 2 
Let 1 + logox =y 


i = digee le 
y 2 2 
=> 2+y+3y=0 
=> y=-1 or—2 
> 1 + logox =-1 or -2 
=> logox = -2 or -3 
=> x=2-?or 2-3 


3. log,,a + log, a? + log, a? =0 


1 2 3 
+ +——— = 

log, ax log,x (log, ax) 
I 2 3 


—__——__ +--+ —_——_ =0 
log,atlog,x log,x (2+log, x) 


=> 


Let log, = y. Then equation reduces to 
I 2 3 


—+—— = 
ytl y 2+y 


A.26 Logarithm and its Applications 


=> 6 + ly +4=0 


> =log,x= v 2 
y Ba? 2° 3 
=N x= a3, gl 
10 1 ‘ er 1 1 1 h 
4. —=3+-—. The given equation is of the form p+—=3+—=q+—, wherep 
3 3 Pp 3 q 


#qgasx#y 


=> logox = 3 and logay = 1/3 > x=2andy=2!3.x+y=84 aie 
5. logs (logs x) + logy; (loginy) = | 

=> logs (log2 x) — log;(logiay) = | 

> log; (log (4/y”)) — log;(logy ay) = 1 

=> log (4/7) = 3(log) ay) 

=> log, (4/7) = - 3(log2y) 

=> logs (4/)*) + (log3y7)=0 => 4y=1 

=> y=l14 > x=64 
6. 2°42, 56-F = 25" 


5-2-0" = grns-2 


=> (6 —x — x) logig 5 = (x? — x — 2) logig2 (base 10) 
= (6 —x— x2) [I — log 2] = (2 —x — 2) logio2 

=> 6 —x —x2 = (logy 2) [2 —x- 2) -2 -x + 6] 

=> 6 —x— x = (logo 2) [4 - 2x] 

=> x? +x—6=2 (logy 2) (x —2) 

= (x + 3) (x -— 2) = (logyy 4) @&- 2) 

=> either x =2 orx +3 =logi9 4 

=> x = logy4—-3= togu( 45] = x= — logig (250) 


1000 


7. 1+ ? log,x +1=0 
2log; x 


Let logyx = y. Then equation reduces to 


( <3.) ( :) 1 2y+3_ 1 
l+— jy =-1 >) 14+—|=3 > =—> 
\V ay)? 2y) y? 2y oy? 


2y? + 3y-2=0 = 2y? + 4y-y-2=0 = (y +2) (2y—- 1) =0 
y= 1/2 ory=—2 x= 3)” (rejected) or x = 1/9 

8. (log, x*) log.x = (k—2) log,x—k (taking log on base a) 
Let log, x = #. Then equation reduce to 


Hints and Solutions A.27 


2P? —(k-2)1+k=0 
Put D = 0 (for only one solution) 
=> (k-2)?-8k=0 
> ke -12k+4=0 


4. IGE 
af es 12+ ¥128 
=> k= 6+4V2 
9. 708, (x?—4x45) ate} 
=> x2 -4x4+5=x-1 
=> x -5x+6=0 
=> = (x-2)(x-3) =O x=2orx=3 
Also we must have x7 ~4x +5 >Oandx-1>0 


=> x> 1 (as x*-—4x+5>0 is true for all real numbers) 


10. (logy, x)? = logio 100x 


(logiox)? = 2 + logiox 
On putting log x = ¢, we get 


P=2+!t 
=> P?-—1-2=0 
= t=2orr=-1 
=> logjox = 2 or logigx =— ! 
=> x= 100 orx= 1/10 


11. log3x- logyx- logsx = log3x- logyx + logyx- logsx + logsx- log3x 
Let log,3 = p, log,4 = q, log,5 =r 


=> — = — + — + — 
par pq qr pr 

=> ptqtr=1 

=> log,3 + log.4 + log,5 =1 

=> log,60 = | 

=> *x*=60 


12. logy logs (x? + 7) + login logis (? + 7)! == 


=> logsa{ $0826 +n) — logs *se 0) +7) -_2 


let logo(x? + 7) =1. Then 


t t 
J — -—log,— +2=0 
8345 0825 


A.28 Logarithm and its Applications 


t t 
=> | — +1-| log,~~-!| =0 
08343 Ct } 


od logs 7 = logaZ 
= fay 
4 
=> =4 
=> logo(x? + 7) =4 
=> r+7=16 
= xr=9 
=> x=33 
13. Slog x _ 3 logx-1 3 logx+_ 5 logx—I 
=> Slogx 4 5 logx- 1 — 3 logxtl 4 3 logr—! 
ee gloss r glogx me loss . ziosx 
6. gleex 10- zieex 
5 8 
i) Gh 
=> = =|= 
5 5 
=> logigx = 2 
> x= 100 
14. log ; 16 + log2,64 = 3 
4 ‘ 6 
=> = 
log, x” log, 2x 
2 6 
+—— = 
= logax — 1+log,x 
Putting logs x = #, we get 
ree meer 
t l+s 
=> 2+21+ 6r= 314 37 
=> 3° -—51-2=0 
= tik pee 
3 
1 
=> lop Te or logy x = 2 


=> x=2-"3 orx=4 


Hints and Solutions 


15. We have 9!°83"8:*) = log x — (log.x)? + 1 


x>/I] 
The given equation 2(log,r)* — (log,x) — 1 = 0 
-1 
log.x= —,1 
e 2 


> 


=> 


x=e, ae (not possible) 
ve 


x=ze 


16. (3x83 = (4yyo84 +4 logx _ 3 logy 


= 
=> 


=> 


— 


A.29 


(log 3)(log 3x) = (log 4)(log 4y) and (log x)(log 4) = (log y)(log 3) 


(log 3)(log 3 + log x) = (log 4)(log 4 + log y) and 


(log x)(log 4) = (log y)(log 3) 
(log 3)(log 3 + p) = (log 4)(log 4 + g) and 


p(log 4) = q(log 3) (where p = log x and g = log y) 


(og3)( log3+ ; eee ) = log 4(log4+q) (eliminating p) 


og 


(log 3)? (log 4)? = (1084)" = (log3)" 
log 4 


q=—log4 = logy=log 4! > y= 1/4 


Now p(log 4) = q(log 3) 


= 
=> 
=> 
=> 


P(log 4) = — (log 4)(log 3) 
=— log 3 

log x = log 3! 

x= 1/3 


17. Let logx=1>x=y/ 
Also x =2 and ylt= 24 


=> 


and 


x=2Qe 


y= 


Putting the values of x and y in (1), we get 
2M= 24" 4 =I 


“ 


using (4) in (2); x= (2) = 24 


using (4) in (3); y= aa 


(1) 


(2) 
(3) 


(4) 


A.30 Logarithm and its Applications 


Chapter 5 


———————————————————— ee ee 


Exercise 1 


————— ee Sos 


1. 1 <log,(x-2) <2 


=> 2'<x-2<2? 
= 4<x<s6 
2. logalx -1| <1 
> 0<|x-1| <2! 
=> -2<x-1<2andx-1#0 
=> -Il<x<3andx¥!1 
> xe (-1,3)- {1} 
3. log3[x| >2 
=> \x| > 32 
=> x<-9orx>9 


4. [4-5x|>22=4 


. x> : or x < 0. So, the solution set = (— 29, 0) U (3. -) 


5. log, 25) 30 
x-2 
= X=1, 40 
x-2 
x=] 
=> — >l 
x-2 
=> ate Fy 
x-2 
-” toler 26 
x-2 
=> eee, 
x-2 
=> x>2 
x 
6. lo <! 
ay" 5 


Hints and Solutions A.31 


=> oe 5! 
x+5 
> aan >0O and ane 
2x+5 2x+5 
= et So and Poe e <0 
2x+5 2x+5 
=> ao8 >0 and rarels 6 
2x+5 2x+5 
> wef >0 and arti 9 
2x+5 2x+5 
=> . x<—5/20rx>4 and x <-— 14/3 orx >—5/2 
> x € (-00, —14/3) U(4, -) 
7. ~42 32)! ea 25. 
Multiplying by 5x? (positive), 
5 
Sx (x+2)2x7 = 4x2 + 10x20 x20 0rxs- re 
Also ane >0 
=> x (x+2)>0>x<-2o0rx>0 


Hence, the solution set is (- oo, — S| U (0, +). 


8. log;(2x? +6x —5) >1 
=> 2x? +6x -5 > 3! 


> 22 +6x -8 > 0 
> x2 +3x-4>0 
> (x- 1)(x+4)>0 
=> x<-4orx> | 


1 -2 
9. 2 -6x+ 2s (4) 


=> r-6x+8<0 
=> (x -—2) («-4) <0. 
=> xeé [2,4] 
Also, x2 — 6x + 12 > 0 or (x — 3)? + 3 > 0 which is true for any real x. 
Hence x € [2, 4] 
10. Let log3x = y 
=> x=3 (1) 


A.32. Logarithm and its Applications 


Then given inequality 2 logyx — 12 log,3 = 5 reduces to 
2ay- ~ <5 
. v 
=> 2v-5y-12<0(asx> 1 =y>0) 
=> (2y + 3)Q- 4) < 0 


3 
=> pe |-—,4 
: fe 


=> - 5 ¥ logyx <4 
= 337 <x 8l 
11. logiox2 20 
> logiox? 2 logip l= x21 
=> x2lorxs-1l. 
12, 28") >x45 
=> x-1>x+5 
=> — 1 > 5; which is not possible. 


13. Taking logarithm with base 5, we have 


x!85* > 5 => (logs.x) (logs x) > 1 = (logs x— 1) (logs x t+ 1) >0 


=> logs x > | or logsx<—1 = x>S5orx< 1/5 

Also we must have x > 0. Thus x € (0, 1/5) U (5, ~) 
14. (logy 6) (0.6)?) logs(5 — 2x) $0 =5—-2x< 1 x22 (i) 
Also, 5-—2x>0 .. (ii) 


From (i) and (ii), we have x € [2, 2.5) 
15. (x+2)(x+4)>Oandx+2>0 


= x>-2 
Now given inequality can be written as log; (x + 2) (x + 4) — log; (x + 2) 
< log; 7 
> log; (x + 4) < log; 7 > x+4<7orx<3 

16. 2-165 4-11 > x?7-4x-5S0 > (x-S)(x+ I) S05-I1 8x55 (i) 
Also x? - 16 >0=>x<—4orx>4 . (ii) 
And 4x-11>0>x> 11/4 (iii) 


From (i), (ii) and (iii) we have x € (4, 5] 
17. log 55 log, Wx? +5+x) >0 


=> — O< logs(Jx? +54x)<! 


=> 1<(e+54y!@ <5 
=> P<xt4+54¢%<25 


Hints and Solutions A.33 


=> x? +x-20<0 (asx? +x+4>0 forall real x) 
=> (x + 5) (x-4) <0 
=> xe (-5, 4) 
18... We have logi(4 — x) 2 logy,.2 — logy2(x — 1) 
It is defined if4-—x >Oandx-1>Oorl<x<4 (i) 
> log) (4 — x)(x — 1) 2 logy 22 
> (4-x)(x-1) 52 
=> x? -5x+620 
> (x -3)x-2)20 
=> x230rxs2 (ii) 
From (i) and (ii), we get-x € (1, 2] u [3, 4) 
19, 2°*2_ 2x3 met gues > 5rtl_ 5xt2 
=> 2‘ (4-8- 16) >5 5-25) 


=>  (2/5)*< 1 
> x € (0, 0) 
Va 6x+ 10-¥ 
20. 2) <2 
4 64 
ee (2 3 
=> _ <|— 
4 4 
=> 6x + 10-x? >3 
x -6x-7<0 
(x +1) (x-7) <0 
Exercise 2 


1. The left hand side of the inequality is defined for x’s which satisfy the following. 
1-x>0,x-2>0, | —1# 1. Obviously there is no single value for which these 
inequalities are satisfied. Thus the set of its solutions is empty. 


\2 
2. > 0, L108, x-2( 82> +1>0 
2 a 


=> logs x - (log, x)? +2 >0 
> (logax)? — log, x -2 <0 
Let log, x =r 

Then ?-1-2<0 

=> (t-2) (+1) <0 

=> -~-1<1<2 


A.34 Logarithm and its Applications 


=> = 1 < logy x<2— 5 <x<4 
3. We have 
-_9 
2log (x+5)> Flog | (9) + log (=, (2) 
4 3N3 
9 4 2: 
= —|-— + 
=> logo(x + 5)> 4 ( +) log, (x +5) 
= — 3>logav +5) + —~—_ 
aa log, (x +5) 
Let logo(x + 5) =y 
= 3>y+ 2 
J. 
Ss dhe <9 
¥ 
ois yo —3y4+2 <0 
xy 
(V-=2O-) eg 
¥ 


Using sign scheme method, we get 
ye (-e, 0) U (1, 2) 
logo(x + 5) € (2, 0) U (1, 2) 
(x +5) € (27, 2%) U(2!, 27) 
(x + 5) € (0, 1) U (2, 4) 
xe (-5,-4)U(-3,-1) 


3 
4. log;x—(log,x)?<—log’ 4 
eee sees) ie 22) 


log, x —(log; x) <-2 
(log; xy log,x-220 


(log; x— 2)(log, x+1)20 
log3x $— 1 or log3x >2 
x<I/30rx29 ; 

5. Given log. ~1) <0 


Yyuudsd 


Ifx>1 
=> 0<x-1<1 
=> 1<x <2 


= xe [-V2,-luUC, v2] 


=>  xe(l, V2] 
fO<x<l>r-l2!>22 
=> xe (0, —/2 JUL V2.) 
=> xe @ 

Thus, xe (1, /2 J 


2 
xr +x 
6. logo ne re Jo 


> 


log, >! 
2 
= x TS SG 
x+4 
2 
a Ea 
x+4 
2 
= x ~5x-24 5 
(x +4) 
= (x -8)(x +3) 0 
(x+4) 


Hints and Solutions A.35 


From the sign scheme of (x= 8) +3) ,x €(-4,-3)U (8, ) 


(x+4) 


7. We have, log; (x? -2) < log; (3 |x| 1) 
We must have 


x°-2>0,5|x]-1>0 


and P-2<S}x|-1 


=> x >2\xb= and 2|x?? -3|x]-2<0 

~ 2 
> |x V2, [xp > and (2|x|+1)(|x]-2) <0 
=> |xj>v2 and |x|< 2 


= V2 <b<2 


=> xe (-2,-V2)U(J2,2) 
8. loge + nO? -4)>1 


We must have x7 -4>0,x+1>Oandx+1¥1 


A.36 Logarithm and its Applications 


x € (2, 0) 
Casel:xt+1>1l>x>0 

xr-4>x+1 

xwex-5>0 


(1+ 21 ) 
xe ar a 


Case I: (x+ De (0, 1) => xe C1, 0) 
w-4<x4+1 
w-x-5<0 


1-J21 1+ 21 
xeéEe ( 2 


> 2 
Hence, we get no solution from here as x € (—], 0). 


From (i) and (ii), x € ara | 


9. We have, f(x) = log, {logs (log3(18x — x? — 77))} 

Since log, x is defined for all x > 0. Therefore, f(x) is defined if 

logs {log3 (18x —x* — 77)} > 0 and 18x —x2—77>0 
log; (18x — x2 — 77) > 5° and x? - 18x + 77 <0 
log; (18x —x* — 77) > | and (x— 11) (x-7) <0 
18x —x?-77>3! and7<x<Il 
18x —x? - 80> Oand7<x<11 
x? — 18x +80<Oand7<x<11 
(x — 10) (x- 8) <Oand7<x< 11 
8<x<10and7<x<11 
8<x<10 
x (8, 10). 
Hence, the domain of f(x) is (8, 10). 

x-l <1 

log,(9-3*)-3 
We must have 9 ~ 3° > 0 or 3*<9 orx <2 


VuUyuUNUNIUS 


10. We have 


We have 
ee.) 
log,(9— 3") — log, 27 

=> Ge) sl 


log ee 
3 
q 21: 


(i) 


(ii) 


= eee 
27) 


= le 
27 


9-3* 


Asx<2,0< <1 
on .? 

We have 3*~! ge 
27 


= 9-3* >9~3* 

=> 10-3*29 

> x 2 log; 0.9 
Therefore x € [log; 0.9, 2) 


a. 


Hl. 2* > 2° 


=> See ae eT 
x 
—_— 2 
a 4-x 3X 9 
x 
2 —_ 
= x +3x74 24 
x 
= (+4) =) 29 
x 


=> xe (-,-4)U(0, 1) 
12. 2(25)'- 5(10*) + 2(4) 20 
=> 2(5)2* — 5(5)* (2*) + 2(224) 20 


\2x x 
= 2(2| -5(3} +220 
2) 2 
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